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Cracks in rocks

The investigation of crack extension in rock massifs is of
great interest in theoretical geology. Cracks can form in
rocks because of various causes of tectonic character, but
also because of some artificial actions (mining excavations,
hydraulic fracture of oil-bearing strata, etc.). Here, the
pressure p0 in the flowing fluid throughout the wetted area
of the crack, and q represents the lateral pressure of the
rocks.
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Mathematical model

lubrication idea: h
R ≪ 1

pressure: p(r, t) = −E
4π

� hz(z,t) dz
r−z = E

4 (−∆)
1
2h(r, t)

� S. Khristianovich, Y.P. Zheltov. Formation of vertical
fractures by means of highly viscous liquid, In World
Petroleum Congress Proceedings, 579-586 (1955)

� J. Geertsma, F. De Klerk. A rapid method of predict-
ing width and extent of hydraulically induced fractures.
Journal of petroleum technology, 21(12):1571-1581 (1969)
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Mathematical model

ht = div(hn∇p(h)),

p(h) = (−∆)sh,

h = h(x, t) represents the opening of a rock fracture that is

propagated in an elastic material due to the

pressure exerted by a viscous fluid that fills the

fracture;

n > 0 corresponds to different slip conditions on the

fluid-solid interface;

s ∈ (0, 1) is related to the properties of the medium in

which the fracture spreads;

s = 0 − porous medium equation,

s = 1 − thin film equation.
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Mathematical model

ht = div(hn∇p(h)),

p(h) = (−∆)sh,

(−∆)s denotes the spectral fractional Laplacian of order

s ∈ (0, 1), which is defined as

(−∆)sv(x) :=
+∞∑
k=0

λsk(v, ϕk)ϕk,

where λk and ϕk are the eigenvalues and the eigenfunctions
of the Laplacian on Ω ⊂ Rd with the homogeneous Neumann
boundary conditions.

5



Mathematical model

For d = 1

�C. Imbert and A. Mellet. Existence of solutions for a
higher order non-local equation appearing in crack dy-
namics. Nonlinearity, 24(12):3487-3514 (2011) (n ≥ 1, s =
1
2)

�R. Tarhini. Study of a family of higher order nonlocal
degenerate parabolic equations: from the porous medium
equation to the thin film equation. J. Differential Equa-
tions, 259(11):5782-5812 (2015) (n ≥ 1, s ∈ (0, 1))

�D. A. Spence and P. Sharp. Self-similar solutions for elas-
tohydrodynamic cavity flow. Proceedings of the Royal
Society of London. A. Mathematical and Physical Sci-
ences, 400(1819):289-313 (1985) (n = 3, s = 1

2)
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Mathematical model

For d = 1

�C. Imbert and A. Mellet. Self-similar solutions for a
fractional thin film equation governing hydraulic frac-
tures. Comm. Math. Phys., 340(3):1187-1229 (2015)
(n ∈ [1, 4), s = 1

2)

For d > 1

�Antonio Segatti and Juan Luis Vazquez. On a fractional
thin film equation. Adv. Nonlinear Anal., 9(1):1516-1558
(2020) (n = 1, s ∈ (0, 1))

The authors proved the existence of non-negative solutions
of the Cauchy problem, where (−∆)s denotes the (singular
integral) fractional Laplacian of order s ∈ (0, 1) in Rd.
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Weak generalised solutions for d = 1

[Imbert and Mellet, 2011], [Tarhini, 2015]

ht = (hn (p(h))x)x and p(h) = (−∆)sh in ΩT ,

hx = hn (p(h))x = 0 on ∂ΩT ,

h(x, 0) = h0(x) ≥ 0, h0 ∈ Hs(Ω).

�weak generalised solution�
ΩT

hϕt + n

�
ΩT

hn−1hxp(h)ϕx

+

�
ΩT

hnp(h)ϕxx +

�
Ω
h0ϕ(x, 0) = 0

for all ϕ ∈ C∞
c (Ω̄× [0, T )) such that ϕx = 0 on ∂Ω× (0, T ),

0 ≤ h ∈ L∞(0, T ;Hs(Ω)) ∩ L2(0, T ;Hs+1
N (Ω)).
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Weak generalised solutions for d > 1

[de Nitti, Lisini, Segatti, Taranets, 2024]

ht = div(hn∇p(h)) and p(h) = (−∆)sh in ΩT ,

∇h · n = ∇p(h) · n = 0 on ∂ΩT ,

h(x, 0) = h0(x) ≥ 0, h0 ∈ Hs(Ω).

�weak generalised solution�
ΩT

hϕt + n

�
ΩT

hn−1p(h)∇h∇ϕ+
�

ΩT

hnp(h)∆ϕ +

�
Ω
h0ϕ(x, 0) = 0,

p = (−∆)sh a.e. in ΩT

for all ϕ ∈ C∞
c (Ω̄× [0, T )) such that ∇ϕ ·n = 0 on ∂Ω× (0, T ),

0 ≤ h ∈ L∞(0, T ;Hs(Ω)) ∩ L2(0, T ;Hs+1
N (Ω)) ∩ C([0, T ], L2(Ω)).
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Existence of weak solutions for d > 1

G0(z) =



z ln z − z + 1 if n = 1,

zn−2

(2−n)(n−1)
+ z
n−1 +

1
2−n if 1 < n < 2,

ln
(
1
z

)
+ z − 1 if n = 2,

1
(n−2)(n−1)

1

zn−2
+ z
n−1 −

1
n−2 if n > 2.

Theorem 1 . Let d = 1, 2, 3,

s ∈ (0, 1) and n ∈ [1,
d+2(1−s)
(d−2s)+

).

If the initial datum h0 satisfies

0 ⩽ h0 ∈ Hs(Ω) and

�
Ω
G0(h0) dx < +∞

and T > 0, then there exists a weak solution h of the prob-
lem, and

ht ∈ L2(0, T ; (W 1
q (Ω))

∗) for q = 4d
2d−n(d−2s)+

≥ 2.
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Finite speed of propagation

Theorem 2 .
Let R > 0 and assume Ω = BR(0), s ∈ (

(d−2)+
2 , 1), n ∈ (1, s+2s+1)

(n ∈ (1, 2) if d = 1), and

supp(h0(·)) ⊆ Br0(0)

for some r0 ∈ (0, R). Let h be a weak generalised solution.
Then there exists a time T ∗ > 0 and a non-decreasing func-
tion d(t) ∈ C([0, T ∗]) such that

d(0) = r0 and d(t) ⩽ r0 + C0t
1

nd+2(s+1) for all t ∈ [0, T ∗],

where C0 > 0 depends on the initial data u0, d, s and n such
that

supp(h(·, t)) ⊆ Bd(t)(0) ⊂ Ω for all t ∈ [0, T ∗].
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Waiting time phenomenon

Theorem 3 .
Let us assume Ω = BR(0), s ∈ (

(d−2)+
2 , 1), n ∈ (1, s+2s+1) (n ∈ (1, 2)

if d = 1), and
supp(h0(·)) ⊆ Br0(0)

for some r0 ∈ (0, R), and

lim sup
δ→0+

(
δ−γ(2−n)

 
Br0(0)\Br0−δ(0)

h2−n0 dx
)
<∞ for γ ⩾ 2(s+1)

n .

Then there exists a time T0 = T0(n, s, h0) such that

supp(h(·, t)) ⊆ Br0(0) for all t ∈ [0, T0).

Moreover, the waiting time is estimated from below by

T0 ⩾ C

(
sup
δ>0

δ−γ(2−n)
 
Br0(0)\Br0−δ(0)

h2−n0 dx

)− n
2−n

.
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Example

If h0 ∈ C(Ω̄) then we can assume

max
x∈Br0(0)\Br0−δ(0)

h0(x) ⩽ C|x− r0|γ

where
γ ⩾ 2(s+1)

n , δ ∈ (0, r0), and C > 0.

Explicit waiting-time solution:

h(x, t) = (1 + C0 t)
−1
n |x|

2(s+1)
n

for 0 < n < 1 + s−1, where

C0 = κn
(2(s+1)

n − 2s
)(2(s+1)

n + d
)
, (−∆)s|x|

2(s+1)
n = κ|x|

2(s+1)
n −2s.
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Comparison Table

The next table presents the self-similar solutions, interface
propagation speed, and waiting time sufficient growth con-
ditions for various values of s ∈ [0, 1]:

Equation Self-similar solution Interface
propagation
speed

Waiting-time
sufficient
growth condi-
tion

s = 0 (PME) t−
1

nd+2 v
( |x|
t1/(nd+2)

)
t

1
nd+2 |x− x0|

2
n

s = 1 (TFE) t−
1

nd+4 v
( |x|
t1/(nd+4)

)
t

1
nd+4 |x− x0|

4
n

s = 1
2 t−

1
nd+3 v

( |x|
t1/(nd+3)

)
t

1
nd+3 |x− x0|

3
n

s ∈ (0, 1) t
− 1
nd+2(s+1) v

( |x|
t1/(nd+2(s+1))

)
t

1
nd+2(s+1) |x− x0|

2(s+1)
n
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Proof of FSP and WTP: keystone

The keystone of the proof is a local entropy estimate.

The main difficulties in obtaining it are the following

(i) if

v ∈ H
α
2 (Ω) and supp v(.) ⊆ Ω̃ ⋐ Ω

then

(−∆)αv ̸= 0 for all x ∈ Ω \ Ω̃;
(ii) the estimate of a remainder in the Fractional
Leibnitz rule, namely,

Rα(u, v) = (−∆)α(u v)− u(−∆)αv − v(−∆)αu.

Note that (ii) implies an “artificial” term in the local en-
tropy estimate.
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Proof of FSP and WTP: keystone

Let R > 0 and Ω = BR(0). For S ∈ (0, R) we define

Ω(S) := {x ∈ Rd : S < |x| < R} = Ω \BS(0)
and

ΩT (S) := Ω(S)× (0, T ).

For S ∈ (0, R) and δ ∈ (0, R − S), we define ψS,δ ∈ C∞(Ω) such
that

ψS,δ(x) =

{
1 if x ∈ Ω(S + δ),

0 if x ∈ BS(0),
0 ⩽ ψS,δ(x) ⩽ 1,

and

|∇ψS,δ| ⩽ C
δ , |(−∆)s+1ψS,δ| ⩽ C

δ2(s+1)
,

for a constant C depending only on d.
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Proof of FSP and WTP: keystone

Local entropy estimate:

�

Ω(S+δ)

G0(u(x, T )) dx +
1
2

�

ΩT (S+δ)

|(−∆)
s+1
2 (uψS,δ)|2 dx dt

︸ ︷︷ ︸
by (i)

⩽

�

Ω(S)

G0(u0) dx +
C

δ2(s+1)

T�

0

∥u∥2
L2(Ω(S))

dt+

C
δ2(s+1)

( T�

0

∥u∥2
L2(Ω(S))

dt
)ϖ

︸ ︷︷ ︸
by (ii)

,

where 0 < ϖ = ϖ(s, d, n) < 1, s ∈ (
(d−2)+

2 , 1), and n ∈ (1, s+2s+1)
(n ∈ (1, 2) for d = 1).
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Proof of FSP and WTP: keystone

So, the well-known approach with direct applying the Stam-
pacchia’s type lemmas for obtaining FSP and WTP doesn’t
work!!! For this reason, we proof it by contradiction.

Classical Stampacchia’s lemma.
Let f (x) be non-negative, non-increasing in [x0,+∞) func-
tion. Assume that f satisfies

f (y) ⩽ C
(y−x)αf

β(x) for y > x ⩾ x0,

where C, α, β are some positive constants. Then if β > 1 we
have

f (y) = 0 for all y ⩾ x0 + d,

where dα = Cfβ−1(x0)2
αβ
β−1.
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Published results

For more details refer to the following papers

a) Nicola De Nitti and Roman M. Taranets. Interface prop-
agation properties for a nonlocal thin-film equation. SIAM
J. Math. Anal., 56(1):173–196 (2024).

b) Nicola De Nitti, Stefano Lisini, Antonio Segatti, Roman
Taranets. Existence and asymptotic behaviour of solutions
for a multi-dimensional fractional thin-film equation. Non-
linear Differential Equations and Applications NoDEA, 33:
article number 51 (2026).
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Thank you!

THANK YOU FOR YOUR PATIENCE

THE END
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