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Abstract. God created the universe and assigned everyone a place in
paradise, but the Devil invented conflict.

| would like to consider the question on equations for solving the
problem of fair redistribution of life resources in conflict battles.

In particular | intend to briefly discuss constructions and models for
solutions of the following problems:

On universal equations of conflict interaction (repulsive and attractive)
between two and many alternative opponents.

The conflict dynamics of two complex systems. The conflict triad and
dynamics of infectious diseases. Model of the "Fire — Water" type
conflict.

Fractal partition of territory. Origination of the singular continuous
spectrum. Regeneration of the loosed spectral type in conflict
dynamical systems. The emergence of the point spectrum.

Problem of optimal strategy in models of conflict redistributions. A
simplest mathematical model of conflict dynamic in abstract socium.
Existence of equilibriums (compromises) in models of war under
external support. Equilibrium states for three players under external
influence. On strategy of minimizing losses in models with three regions.
The models for formation of opinions and beliefs.
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Motivation. Coauthors

At the age of 60, you finally realize that studying math is actually an
exciting sports game and it's time to pay attention to more real life
problems.

Terrible war in Chechnya, 2003

The theory of dynamical systems of conflict with non annihilating
opponents

M. Bodnarchuk, N. Harchenko, M. Pratsiovytyi, G. Torbin, S. Albeverio,

I. Samoilenko, T.Karataieva, S. Petrenko, I. Verygina, O. Pugacheva, V.
Voloshyna, M. Krawczyk, K. Kulakowski, O. Satur
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A bit of history

The classical approach to conflict problems:
Malthus - Verhulst population equation (internal competition)

dP
- = — P — P2
t (b—d) cP?,

general logistic equation,
Tnt1 = 1Tn (1 — x,),

predator—prey models and Lotka—Volterra equations (hostile
populations),

N =aN —bNP, P=—cP+dNP,

Lanchester equations and their complicated variants,
a large number of conflict collisions within the framework of game
theory.
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A new vision. Instead of “How many?” it should be “What

is the probability?”

It is impossible to understand the global picture of universal conflict
phenomena without setting its problem in terms of modern instruments
of dynamical systems, functional analysis, probability theory.

Such transition is similar to coming from classical physics to quantum
mechanics.

The important feature of such approach is the coming to statistical
(probabilistic) interpretation of results.

We can't predict, who will be a winner and how many he obtain in
each a single case of fight.

All prediction results of conflict interactions may be presented in a form
of probabilistic distributions.
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The concept of dynamical system of conflict (DSC)

An important new objects is a notion of the conflict transformation,
which corresponds to the conflict interaction between two or more
alternative sides (opponents).

{Q, M(Q), %} — dynamical system of conflict,

Q - life space (territory of conflict),

M(Q) — set of probabilistic distributions for opponents on €2,

s — a law of conflict interaction between opponents (nonlinear
transformation in the set M(Q).
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The simplest version for two opponents

Let A, B be two alternative opponents on a territory (2 (resource space)
1. Separation of the resource space onto regions:

2. At initial time ¢ = 0 opponents associated with probability measures
1, v corresponding to statistical distributions of A, B along regions €;:

pii=p(Q) =PAin Q), r1i:=v() =P(Bin ),
0<pi, <1, p)=1=v(Q).
A~ pP= (p17"'7pn)7 B~ r= (Tl, "'aTn)~
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Separation () into regions

i=1
A B
p;i=P(A€A;) = P(BEA)
A~p=(D...Dn) Brr=(m...1m)
1=p +...+p, I=#t « oty
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The universal law of conflict interaction

Who should be in this place, me or my enemy — that is the question!
(generalization of W. Shakespeare's question)

3. The collision law x :

Phew(A in Q) ~ P(Ain Q;) - (1 —P(B in )),
Phew(B in Qi) ~ P(Bin ) - (1 — P(A in (%)),

,Ufnow(Qi) ~ N(Ql) : (1 - V(Ql))7
Vnew(Qi) ~ V(Qz) : (1 - N(QZ))
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Difference equations of dynamical system of

conflict. Repulsive interaction

{p',r'} =5 {pthrth), t=0,1,... (1)

The system of difference equations for coordinates:

pf“ = Aph(1—r]), rf“ =ANrl(1-pl), iel,n, t=0,1,..(2)

where Xt = 1/2t 2t =13 pirt.

Interpretation:

pl =P(Ain Q; at time t), 7! =P(B in ; at time t).

7
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Theorem of conflict for stochastic vectors

Theorem

Let p°,r° € R" | be a pair of different stochastic vectors. Assume
(p¥,1%) # 1. Then the trajectory {p’,r'} of DSC (1) converges to a
fixed point,

{p',r'} = {p>, 1}, t — oo.
That is the limiting vectors are orthogonal, p> 1 r°°, and their
coordinates admit the following description:

pit=@i—ri)/D>0, r*=0, iff p;>r;,

pi =0, rg®=(rk —px)/D >0, Hf pp <ry,
where D = "7 | |pi — 1l

0

p;-x’:r;?o:O, iff p?:rj.

0 _ ..0 00 __ 200 00 __ .00 __ / / 5
Ifp° =1° then p™® =1 and p° =r® = 1/n', wheren' <n is a
number of non-zero initial coordinates.
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Example 1

Two vectors with arbitrary coordinates become orthogonal after conflict
interaction:

N

L
Q 5 ‘
o | |.'| | .
5 10 15 20

n

Figure: The starting, p°, 7%, and the limit, p>, r°°, distributions.
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Improvement. Intensity of struggle, External intervention

Pt = NP —ar)), = A1 = ),

where parameters 0 < ¢; < 1 stand for regional interaction activity.

P =+ S =), = N s (1 ),

where 0 < 5;, s; < 1 denote parameters of external influence.
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Complex system with repulsive and attractive

interactions

pitt = MNph+ S) (1 £ eirl),

rit =X s) A Eep)), ieln, =01,
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Connection with dynamics of real masses

Starting distributions of opposite values (masses)
+Mn7 N:N1+"'+Nn

M =M+
M; N;
0 _ 7t 0
pz M? Tz N’

P = A=), T =M —p), t=0,1,

Distributions of real masses at time ¢:
Mit:pf-M7 Nf:rf-M7 € 1,n,
In addition, masses may be changed in time:

M =M! N =N,

in according to an additional law for losses:
t tt

t+1 _  tast t+1 _  tart it
AM; ™ =k;M;, AN;7" =rx;N;, K;:=p;r;.

K2
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namics of losses under starting parity

1000 — 1M
- 1N
—_—2)M
- 2)N
00
800 4
z 700
z
600 1
500 4
400
0 5 10 15 20 25 30

Figure: Two different strategies of starting distributions along regions lead to
strong changing of mutual losses: 1) Kmax = Pmax * Tmax, 2)Kmax 7 Pmax * T'max-
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General case. Conflict between many players

Consider the conflict interaction between m > 2 opponents on a compact
Q) C R™. These opponents are represented by probability measures
wi € M which are changed at discrete time:

t t t+1  t+1 1
{MI’MQV a:u’m} —> {,U+ ?:u2+ ) 7”7: } _0717
where % denotes the interaction law:

,ufH(E)Z%[Mf(E)'(l‘F@t)_”t(E)]’ i=1,..m, E€B (3)

where p!(E) - ©! correspond to the free evolution with

0'=1/2 Z 0k Of = (uf,pp) is defined by Hellinger integral,
i k=1

1 denotes the occupation measure which is defined as
n'(E) = 1nf me{lh i)}, E € B,

and 2! provides the probability normalization.

Volodymyr Koshmanenko Mathematical models of conflict dynamics in terms of difference equations



Theorem of conflict. Two probability distribution

Theorem

For each couple of probability measures yuy, 12 € M (Q) the trajectories
{1, ub} generated by interaction law (3) converge to a fixed point
{us°, us*}, where the limit measures

pet =w— lm py, ps® =w— lim o, pg° L opg?

coincide with normed components of the Hahn - Jordan decomposition
for signed measure w = 1 — o

w=wy —w_, =Q+U97 = Q+,u1 UﬂJﬁ#za

Moo_ W4 Moo_ wW—
U= o T ey

and

supp(u1”) = Ly, supp(ps”) = Ly, -
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Differential equations in the case with continuous

time

The system of differential equations for the continuous time ¢ > 0:

i?"i = /\ri(l — pi).

d
—pi = Api(1 —13),
pi=Api(l—mi), -

dt
& 1) = S 1000 — (e, 1),

L gtar,1) = lo(,10() — (e, 1)
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Dynamics for two densities

wu(A) :/ p(x)dX(zx), v(A) :/ o(xz)d\(z), A € B, p, o € C([0,1]),
A A
The conflict dynamical equation

P@) = L) (0 + 1) — ()], ot (z) = —

z 2t

0" (@) (6" + 1) —n'(x)],
(4)

gzewmv:ﬁm¢¢wwmwwx

o'(z), if p'(z) = 0'(2)

t —
n (@) = { pt(z), otherwise, z€[0,1].
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Theorem

The limiting densities p>, o>

h(z) .
() :{ @ if p(z) > o(x)

exist and have an explicit representation:

0, otherwise,
[e’e} — ~ D > / p(fﬁ) < O'(l')
o> () { 0, otherwise,

where h(z) = p(z) — o(x) , and D = %.[[0,1] | h(z) | dA\(x).
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[llustration
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Figure: The densities of two probability measures with overlapping supports
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Theorem of conflict for m > 2 opponents

Theorem

For each family of probability measures {4; € M (Q), i € [1,m]}, the
trajectory {ut} generated by the conflict law interaction (3) converges
to a fixed point {u$°}, where
p® =w— im pi,  p® Lpge, i #k,
t—o0

and where p1° coincide with the positive components of the H.-J.
decomposition for the signed measure w; := p; — v; = w;r —w,; , with
v; 1= ﬁ Zk# ir. Thus,

w
K = T‘.")’ supp(u;°) = ta

and

€ = supp(p5°) | supp(pg®) - - - | supp (13-
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Approximation by stochastic vectors

System with m > 2 players into n > 2 regions
Pi = (Pi1, - Din), i=1,..,m,
EEN ey t
Py = ZPu© +1)—nyl, 1=1,...n

ot

) 1
15 = min{py, m_1 prd}
ki

1
e = “n Z(pg,p};)

2
n
i#k
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Example 1. Separation of mixed colors

Starting distributions on square [2.6] x [2.6]:
fi(z,y) = abs(1—xy), folx,y) = 1—sin(ysinz), f3(z,y) = abs(z?—y?)

Figure: Initial distributions
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Redistributions after 10 steps of repulsive interaction

Figure: Art picture
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Example 2

Starting distributions on square [—4.4] x [—4.4]:

00005

t uoum*
onom\ Umel
00005

00003 g
00002] o003
| 000002
000001 000001
000000

Figure: Initial independent pictures
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Figure: Separation into 3 colors without overlapping

Volodymyr Koshmanenko Mathematical models of conflict dynamics in terms of difference equations



Conflict of Mix Color

Figure: Quick separation
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Conflict triad. Dynamics of infectious diseases

Starting sample — SIR-model,
S =—rSI, I =rSI —al,R=al
Advanced model with many regions
P=(P,...P), R=(Ry,....,R,), Q=(Q1,...,Qn),

PN+1 — ‘P1N+d1(Riv_va)
i ZJPY ’

RN+ _ RY +1/dy- Q) /P
) Zg ’

QY + dy(RY — Q)
zy

Q»fv+1 = ad17d2;d3 Z 07 N = Oala"'>

{PV RN, QV} X (PVHL RNFL QMY N =0,1,...
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Figure: 1. Quasi-chaotic behaviour, di = 0.95;d2 = d3 = 0.01
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Figure: 2. Global and regional oscillations of virus infection
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5 10 15 20 25 30 35 40 45

Figure: 3. Strange cyclic attractor
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Figure: 4. Typical cyclic dynamics
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Figure: 5 Convergence to usual fixed state
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A simplest model of an abstract society

The state of an abstract society S is described by

p' =, . plsphy), t=0,1,...
which changed as

1 (1) Pl = (pj +0;)(1 = rj)

b; St ) 7 ot 7i€I7 jEJ,t:O,l,

where b; = b > 0 is a parameter of external support and

Ty = =

m—1 m—1

corresponds to repulsive interaction each individual a; with all others Sj-i
in the sense of mean field.
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External influence for one of three players, m = 3

1 _ p§~m_2+p§

D; , 1 €1,

ot

m— 24 pt
p;“ (pj‘f'b) Tp],0<b<1,jelt:0,1,...

d=m =24 PP +bY (m—2+p), P = ZP
keJ
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Three players. Existence of equilibriums

1
N3
0.8+
0.6 -
A S2 2 «
.\\"ﬁf/.

0.4 :
0.2+

O 51 T T S|1 T T NL

0 02 04 06 038 1 1.2

Figure: 5 Fixed points for three players, 0 < b < 9 — 4y/5
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Dependence of parameter b

0.8 N3 <
0.61 \\\EN//
0.4

0.2+

T T -1 T T

0 02 04 06 038 1 12

Figure: 5 Fixed points for three players, 9 — 4/5 < b
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Dependence from supported player

N,

0.81

0.6 s,

- //1//
0.4+ Nu \
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7 |
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0 3~'

Figure: 5 Fixed points for three players
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Support for weakest. Chaotic behaviour

p
1

0.9
0.81
0.7 1
0.61
0.5
0.4
0.31

0.2 T T T T b
0 0.2 0.4 0.6 0.8 1

Figure: Chaotic regime emerges for a sufficiently large value of the parameter b

Volodymyr Koshmanenko Mathematical models of conflict dynamics in terms of difference equations



Many individuals. From a single winner to
coexistence

Figure: The biggest player fails (red line) when everyone gets enough support
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Fractal partition of ()

(€, Bop), peM Q)

7,1— 7,2—
ng
Qi1~--ik+1 = U Qil...ika 2<n,<n<o ke 1,00
in=1
Qivio.. i, — cylinder of rank k

oo
Q= {w = wiliQ...ik...}a Wiyig..ig... — ﬂ Qzlzk

B — o — algebra of cylinders €;,;,

k
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p € M®(2) - structural similar ss-measures

Probability distributions = up € M33(Q) are associated with
stochastic matrices:

P11 o Pk
P21 o D2k

P={pihizi=| . o | = e
pn11 : . . pnkk

(5)

with columns: pj € RZ’:_,Q <n, <n<oo:
Pt = (D1ks D2ks s Prgk)s Plks s Prgk = 0, P1g + - + Py = L.

(S, i) = D1k - D2k Pngk
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Decomposition on spectral types

Theorem
Each measure p1 € M belongs only one of the class:
Mye, Mg CTMp,, or M.

Thus
MSS(Q) = Mac U Mpp U MSC‘

Interpretation:

B € Moyacuum, ff p€ Mae
e Mphysa fo we Mgy
MeMlifev if f NEMpp\Md
we Mfield7 fo we MSC'
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Dynamical system in terms of ss-measures

Iteration of % in M® x M?®® generates the dynamical system of conflict
in discrete time:

{ut, vt} = {1yt =0,1,2,..., u0=p°=v. (6)

Theorem
For each couple of measures i = pp,v = vr € M* such that
(Pr,rr) # 1, Vk there exist fixed points u>,v>° € M :

p = lim pf, v>* = lim v".
t—o00 t—o0

That is, > L v, if p# v, and u> =v>, if only p = v.
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Important result

Theorem
Let u = pup, v =vR € My.. Then

oo L ,00

(sc) p®>,v™ € M. generic!
(ac) u>,v> ¢ M, always!

(pp) u™ € M,, iff Hm?x(dik /Dy) > 0.
k

(d) p>= e Mqif ${N; ,} =1, almost for all k.
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The problem of emergence of a pure point spectrum

k
1(Qiy..i) = [ [ ity
1=0

lu’t(QiU'”ik) = ‘P7,t01k7 Vt(QiU'”ik) = Rfolk7 v k S t (7)
where the numbers P/, , Rj _, are products:
01 k 01 k
Pito---ik = DiDiy  Piys Rﬁo-..ik =TT Ty (8)

in which the coordinates pfk rfk ix € 1,n, k <t are constructed by the

sequential standard rule for stochastic vectors p¥, r¥ with t =k =1,2, ...
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Main result

Theorem

Let p°,r0 R’}rﬁz. Then, under some technical condition one of the
limit measures p>,v>° will be purely point, u>° € My, or v>° € My,
if there exists only single index 1 < i < n, for vector p°, or1 <j < n,
for vector x°, such that one of the inequalities holds, respectively:

0 .0 0_ .0
pi >y, or p; <rj. (9)

At the same time, if > € My, then v°° € My, and vice versa if

v € My, then p> € Mg.. If none of the inequalities (9) holds, then
both limit measures are singularly continuous: u*>°, v>° € Mg.. In any
case, the limit measures u°°, v°° invariant with respect to the
transformation .

Volodymyr Koshmanenko Mathematical models of conflict dynamics in terms of difference equations



On the profile of the point spectrum

Let

k
Shi=> "5,
=0

where
k .__
ZIL T {O-i()-“ikfl(i)}iO»--~7ik—]5£i7

— . 1 k—1 k
O-io...ik_l(i) - p’Lo .pil o .pik71 ’ P ’

o0
Pk .= Hpé,...
1=k

Values S* characterize the profile of the measure ;> with point
spectrum.
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Exponential rate of concentration of the point spectrum

0.9 4
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k
Figure: 1. The concentration rate of the total point spectrum S* has a typical

S-shaped pattern. Practically, in just 10-15 steps of the conflict struggle, the
value of S* increases from zero to 1.
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Economic model of taxes and subsidies

A model of 4 classes with big amount of agents with two characteristics
0 <pi,r; <1,0=1,...,n, where p; correspondscorresponds to the
consumption of goods, and r; corresponds to the production of goods.

All agents are divided into 4 classes: poor (black), middle (green), rich
(red), selected (white).
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Equilibrium state wit and subsidies

TS s o] ved
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Figure: The equilibrium state
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Taxation and subsidy strategy

The introduction of the "taxation — subsidy” strategy with the parameter

« significantly changes the behavior of the system.
If pN, 7N are subjected to external influence according to the formulas

PN =pN + ad), 7N =rN + ah¥, their behavior becomes very complex

% i

(see Fig. 2), almost chaotic.
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Figure: Effects of external intervention



Economic decline trend

Trend: The rich class is shrinking, the middle class is practically
disappearing, the poor class is growing.

Eventually, the rich class is shrinking sharply, a small super-rich class is
formed, but they absorb 70-80 percent of the wealth. The poor class
grows to 70-80 percent.

It takes a very long time to restore equilibrium.
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The poor class is consistently large
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