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The parabolic conjugation problem

Consider the strip

St = {(s, x) : 0 ≤ s < t ≤ T, −∞ < x < ∞}

in the plane (s, x) ∈ R2. Assume that ST contains the continuous curve
x = h(s), 0 ≤ s ≤ T, which separates St into two domains

S
(1)
t = {(s, x) : 0 ≤ s < t ≤ T, −∞ < x < h(s)}

and
S

(2)
t = {(s, x) : 0 ≤ s < t ≤ T, h(s) < x < ∞}.

Put D1s = (−∞, h(s)), D2s = (h(s), ∞), Ds = D1s ∪ D2s, Dδ
is = {y :

y ∈ Dis, |y − h(s)| < δ}, i = 1, 2, Dδ
s = Dδ

1s ∪ Dδ
2s where δ is any

positive number. Denote by G the closure of the set G.
In the strip ST we consider two uniformly parabolic operators with

bounded continuous coe�cients

∂

∂s
+ L(i)

s ≡ ∂

∂s
+ 1

2bi(s, x) ∂2

∂x2 + ai(s, x) ∂

∂x
, i = 1, 2. (1)
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The parabolic conjugation problem; Tstφ(x) ≡ u(s, x, t)
The problem is to �nd a classical solution u(s, x, t) of equation

∂u

∂s
+ L(i)

s u = 0, (s, x) ∈ S
(i)
t , i = 1, 2, (2)

which satis�es the "initial" condition

lim
s↑t

u(s, x, t) = φ(x), x ∈ R, (3)

and two conjugation conditions

u(s, h(s) − 0, t) = u(s, h(s) + 0, t), 0 ≤ s ≤ t ≤ T, (4)

q1(s)∂u

∂x
(s, h(s) − 0, t) − q2(s)∂u

∂x
(s, h(s) + 0, t)+

+
∫

Ds

[u(s, h(s), t) − u(s, y, t)] µ(s, dy) = 0, 0 ≤ s < t ≤ T,
(5)

where φ ∈ Cb(R), qi ∈ C([0, T ]), qi ≥ 0, i = 1, 2, q1(s) + q2(s) > 0, s ∈
[0, T ], and µ(s, ·) is a nonnegative Borel measure on Ds such that for
any δ > 0∫

Dδ
s

|y − h(s)|µ(s, dy) + µ(s, Ds \ Dδ
s) < ∞, s ∈ [0, T ]. (6)
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The general Feller-Wentzell conjugation condition

The general Feller-Wentzell conjugation condition has the form

r(s)∂u

∂s
(s, h(s), t) + q1(s)∂u

∂x
(s, h(s) − 0, t) − q2(s)∂u

∂x
(s, h(s) + 0, t)+

+ γ(s)u(s, x, t) +
∫

Ds

[u(s, h(s), t) − u(s, y, t)]µ(s, dy) = 0.

In our case r(s) = γ(s) = 0, q1(s) + q2(s) > 0 for every s ∈ [0, T ].

[1] Feller, W.: The parabolic di�erential equations and associated semigroups of
transformations. Ann. of Math. Soc. 55 (1952), 468-519.

[2] Wentzell, A.D.: Semigroups of operators that correspond to a generalized di-
�erential operator of second order. Dokl. AN SSSR 111 (1956), no. 2, 269-272.

[3] Langer, H. and Schenk W.: Knotting of one-dimensional Feller process. Math.
Nachr. 113 (1983), 151-161.
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Additional conditions

I. The equation (2) is the equation of parabolic type in ST , i.e., there
exist positive constants b and B such that

0 < b ≤ bi(s, x) ≤ B < ∞, i = 1, 2, (s, x) ∈ ST .

II. The coe�cients ai(s, x) and bi(s, x), i = 1, 2, are continuous in ST

and belong to the H�older class H
α
2 ,α(ST ), 0 < α < 1.

III. The measure µ in (5) has the property: for any function f ∈ Cb(R)
and any number δ > 0 the integrals∫

Dδ
is

(y − h(s))f(y)µ(s, dy),
∫

Dis\Dδ
is

f(y)µ(s, dy), i = 1, 2,

are continuous on [0, T ] as functions of s.

IV. The curve h(s) is continuous and belongs to the H�older class

H
1+α

2 ([0, T ]).
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The parabolic problem of conjugation with nonlocal condition

In view of the above setting of the problem (2)-(5), it is convenient
to write the function u in the form

u(s, x, t) =
{

u1(s, x, t), (s, x) ∈ S
(1)
t ,

u2(s, x, t), (s, x) ∈ S
(2)
t ,

(7)

Thus, to solve the problem (2)-(5), we can �nd a pair of functions

ui(s, x, t) (i = 1, 2), continuous and bounded in the closed domain S
(i)
t ,

which satisfy the equation (2) in the open domain S
(i)
t (in the classical

meaning), the "initial" condition (3) for x ∈ Dit, and, for x = h(s),
they are interrelated by two conjugation conditions (4) and (5), which
can be rewritten in the form:

u1(s, h(s), t) = u2(s, h(s), t), 0 ≤ s < t ≤ T,

q1(s)∂u1

∂x
(s, h(s), t) − q2(s)∂u2

∂x
(s, h(s), t)+

+
2∑

i=1

∫
Dis

[ui(s, h(s), t) − ui(s, y, t)] µ(s, dy) = 0, 0 ≤ s < t ≤ T.
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Fundamental solution

The conditions I, II ensure the existence of the fundamental solution
for each equation in (2), i.e., the existence of the function Gi(s, x, t, y)
i = 1, 2 (0 ≤ s < t ≤ T ; x, y ∈ R), which for �xed t ∈ (0, T ], y ∈ R
satis�es the equation (2) as function of (s, x) ∈ [0, t) × R and admits
the representation

Gi(s, x, t, y) = Zi0(s, x, t, y) + Zi1(s, x, t, y), i = 1, 2, (8)

where

Zi0(s, x, t, y) = [2πbi(t, y)(t − s)]− 1
2 exp

{
− (y − x)2

2bi(t, y)(t − s)

}
, (9)

Zi1(s, x, t, y) =
t∫

s

dτ

∫
R

Zi0(s, x, τ, z)Qi(τ, z, t, y)dz, (10)

and the function Qi(s, x, t, y) is the solution of some singular Volterra
integral equation of the second kind.
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Fundamental solution

Properties of the fundamental solutions.

|Dr
sDp

xGi(s, x, t, y)| ≤ C(t − s)− 1+2r+p
2 exp

{
−c

(y − x)2

t − s

}
, (11)

|Dr
sDp

xZi1(s, x, t, y)| ≤ C(t − s)− 1+2r+p−α
2 exp

{
−c

(y − x)2

t − s

}
, (12)

where i = 1, 2, 0 ≤ s < t ≤ T, x, y, ∈ R, C and c are positive constants
(in the sequel, various positive constants depending on data of the
problem (2)-(5) will be denoted by symbols C or c without specifying
their values); r and p are the nonnegative integers for which 2r + p ≤
2, Dr

s is the partial derivative with respect to s of order r, Dp
x is the

partial derivative with respect to x of order p.

Remark. The inequality (11) holds for any nonnegative integers r and
p, when Gi is replaced by Zi0.

B. Kopytko, R. Shevchuk Di�usion processes with moving membranes



Fundamental solution

∫
R

Gi(s, x, t, y)dy = 1, i = 1, 2, (13)

∫
R

Gi(s, x, t, y)(y − x)dy = (14)

=
t∫

s

dτ

∫
R

Gi(s, x, τ, z)ai(τ, z)dz, i = 1, 2, (15)

∫
R

Gi(s, x, t, y)(y − x)2dy =
t∫

s

dτ

∫
R

Gi(s, x, τ, z)bi(τ, z)dz+

+ 2
t∫

s

dτ

∫
R

Gi(s, x, τ, z)ai(τ, z)(z − x)dz, i = 1, 2.

(16)
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Solution representation

A solution u(s, x, t) = ui(s, x, t), (s, x) ∈ S
(i)
t , i = 1, 2, of problem

(2)-(5) has the form

ui(s, x, t) = ui0(s, x, t) + ui1(s, x, t), (s, x) ∈ S
(i)
t , i = 1, 2, (17)

where the function ui0 is the Poisson potential generated by the fun-
damental solution Gi, i = 1, 2, of the equation (2),

ui0(s, x, t) =
∫
R

Gi(s, x, t, y)φ(y)dy,

and ui1 is the simple-layer potential

ui1(s, x, t) =
t∫

s

Gi(s, x, τ, h(τ))Vi(τ, t)dτ,

with densities Vi(τ, t), i = 1, 2, which are determined as the solution of
some system of Volterra integral equations of the second kind.
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Parabolic potentials

The function ui0(s, x, t), i = 1, 2, satis�es the estimate

|Dr
sDp

xui0(s, x, t)| ≤ C∥φ∥(t − s)− 2r+p
2 , (18)

where 0 ≤ s < t ≤ T, x ∈ R, r and p are the nonnegative integers
such that 2r + p ≤ 2.
From the theorem on a jump of the conormal derivative of the
simple-layer potential it follows that if the curve h(s) belongs to

H
1+α

2 ([0, T ]) for some α ∈ (0, 1), and the function Vi(τ, t) is conti-
nuous for 0 ≤ τ < t ≤ T and satis�es in this domain the inequality

|Vi(τ, t)| ≤ C(t − τ)−θ, 0 ≤ θ < 1, i = 1, 2,

then the function ui1(s, x, t) satis�es the relation (i = 1, 2):

lim
x→h(s)±0

∂ui1

∂x
(s, x, t) = ∓ Vi(s, t)

bi(s, h(s))+

+
t∫

s

∂Gi

∂x
(s, h(s), τ, h(τ))Vi(τ, t)dτ.

(19)

for an arbitrary point x = h(s), s ∈ [0, t).
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The system of Volterra integral equations

Suppose a priori that the unknown densities Vi(s, t), i = 1, 2, are
continuous in the domain 0 ≤ s < t ≤ T and admit the weak integrabi-
lity with some exponent ≥ − 1

2 when s = t. Using the conjugation
conditions (4), (5), in view of (19), we obtain the following system of
two Volterra integral equations for Vi:

2∑
i=1

(−1)i−1
t∫

s

Gi(s, h(s), τ, h(τ))Vi(τ, t)dτ = Φ0(s, t), (20)

2∑
i=1

qi(s)
bi(s, h(s))Vi(s, t) = Ψ(s, t) +

2∑
j=1

t∫
s

Kj(s, τ)Vj(τ, t)dτ, (21)

where

Φ0(s, t) = u20(s, h(s), t) − u10(s, h(s), t),

Ψ(s, t) = q2(s)∂u20(s, h(s), t)
∂x

− q1(s)∂u10(s, h(s), t)
∂x

+

+
2∑

i=1

∫
Dis

[ui0(s, y, t) − ui0(s, h(s), t)]µ(s, dy),
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The system of Volterra integral equations

Kj(s, τ) = (−1)jqj(s)∂Gj(s, h(s), τ, h(τ))
∂x

+

+
∫

Djs

[Gj(s, y, τ, h(τ)) − Gj(s, h(s), τ, h(τ))]µ(s, dy), j = 1, 2.

We see that the above system of equations, in addition to the Volterra
integral equation of the second kind (21) contains also the Volterra
integral equation of the �rst kind (20). By the Holmgren transform
we reduce this equation to the equivalent Volterra integral equation of
the second kind. For this purpose we introduce the integro-di�erential
operator E which acts by the rule

E(s, t)f =
√

2
π

∂

∂s

∫ t

s

(ρ − s)− 1
2 f(ρ, t)dρ, 0 ≤ s < t ≤ T. (22)
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The system of Volterra integral equations

Consider the application of the operator E to the right-hand side of
(20), i.e., to the function Φ0(s, t). From the �nite-increments formula
and from the estimates (18) it easily that

|Φ0(s, t) − Φ0(s̃, t)| ≤ C∥φ∥(t − s)− 1+α
2 (s − s̃)

1+α
2 , (23)

where s̃ < s, α ∈ (0, 1).
Let Φ(s, t) = E(s, t)Φ0. In view of (23), we get the formula

Φ(s, t) = 1√
2π

t∫
s

(ρ − s)− 3
2 [Φ0(ρ, t) − Φ0(s, t)]dρ−

−
√

2
π

(t − s)− 1
2 Φ0(s, t)

(24)

and the following estimate:

|Φ(s, t)| ≤ C∥φ∥(t − s)− 1
2 , 0 ≤ s < t ≤ T. (25)

B. Kopytko, R. Shevchuk Di�usion processes with moving membranes



The system of Volterra integral equations

Vi(s, t) = Ψi(s, t) +
2∑

j=1

t∫
s

Nij(s, τ)Vj(τ, t)dτ, i = 1, 2, (26)

where

Ψi(s, t) = di(s)
[

Ψ(s, t) + (−1)iq3−i(s)√
b3−i(s, h(s))

Φ(s, t)
]

, i = 1, 2,

Nij(s, τ) = di(s)
[

Kj(s, τ) + (−1)iq3−i(s)√
b3−i(s, h(s))

Rj(s, τ)
]

, i, j = 1, 2.

di(s) =
bi(s, h(s))

√
b3−i(s, h(s))

q1(s)
√

b2(s, h(s)) + q2(s)
√

b1(s, h(s))

Rj(s, τ) = (−1)j

√
2
π

∂

∂s

τ∫
s

(ρ − s)− 1
2 [Zj1(ρ, h(τ), τ, h(τ))+

+ (Gj(ρ, h(ρ), τ, h(τ)) − Gj(ρ, h(τ), τ, h(τ)))]dρ, j = 1, 2.

|Rj(s, τ)| ≤ C(τ − s)−1+ α
2 , 0 ≤ s < τ ≤ t ≤ T. (27)
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Estimates

The estimate for function Ψi:

|Ψi(s, t)| ≤ C0∥φ∥(t − s)− 1
2 , 0 ≤ s < t ≤ T. (28)

The kernels Nij contain the terms which for τ = s have
non-integrable singularity:

|Nij(s, τ)| ≤ C(τ − s)−1. (29)

These terms have the form (j = 1, 2):

Ij(s, τ) ≡
∫

Dδ
js

[
Zj0(s, y, τ, h(τ)) − Zj0(s, h(s), τ, h(τ))

]
µ(s, dy).

All other terms in the expression for Nij admit the inequality
with the right-hand side C(τ − s)−1+ α

2 (C is some positive
constant).
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Method of successive approximations

Despite a "strong" singularity of kernels Nij(s, τ), the ordinary method
of successive approximations can still be applied to the system of Volterra
integral equations (26).
The function Vi(s, t) is found in the form of series

Vi(s, t) =
∞∑

n=0
V

(n)
i (s, t), 0 ≤ s < t ≤ T, i = 1, 2, (30)

where

V
(0)

i (s, t) = Ψi(s, t), i = 1, 2,

V
(n)

i (s, t) =
2∑

j=1

t∫
s

Nij(s, τ)V (n−1)
i (τ, t)dτ, i = 1, 2, n = 1, 2 . . .

B. Kopytko, R. Shevchuk Di�usion processes with moving membranes



Method of successive approximations

Consider the integral

Ij(s, τ) =
∫

Dδ
js

[
Zj0(s, y, τ, h(τ)) − Zj0(s, h(s), τ, h(τ))

]
µ(s, dy)

and write it in the form:

Ij(s, τ) = −[2πbj(τ, h(τ))(τ − s)]− 1
2 ×

×
∫

Dδ
js

µ(s, dy)
1∫

0

∂

∂θ
exp

{
− A(θ, y, h(τ), h(s))

2bj(τ, h(τ))(τ − s)

}
dθ,

(31)

where

A(θ, y, h(θ), h(s)) = (1 − θ)(y − h(τ))2 + θ(h(s) − h(τ))2.

Let us di�erentiate the integrand with respect to θ and take into account
that

−(y − h(τ))2 + (h(s) − h(τ))2 = 2(h(τ) − h(s))(y − h(s)) − (y − h(s))2.
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Method of successive approximations

We get

Ij(s, τ) = I
(1)
j (s, τ) + I

(2)
j (s, τ), (32)

where

I
(1)
j (s, τ) = h(τ) − h(s)√

2π[bj(τ, h(τ))(τ − s)] 3
2

×

×
∫

Dδ
js

(y − h(s))µ(s, dy)
1∫

0

exp
{

− A(θ, y, h(τ), h(s))
2bj(τ, h(τ))(τ − s)

}
dθ,

I
(2)
j (s, τ) = − 1

2
√

2π[bj(τ, h(τ))(τ − s)] 3
2

∫
Dδ

js

(y − h(s))2µ(s, dy)×

×
1∫

0

exp
{

− A(θ, y, h(τ), h(s))
2bj(τ, h(τ))(τ − s)

}
dθ.
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Method of successive approximations

Using the condition IV and the inequality (6), we obtain that

|I(1)
j (s, τ)| ≤ C(δ)(τ − s)−1+ α

2 . (33)

After estimating all other terms in the expression for Nij(s, τ) in (26),
we obtain that Nij(s, τ) can be written in the form

Nij(s, τ) = N
(1)
ij (s, τ) + N

(2)
ij (s, τ), i, j = 1, 2, (34)

where

|N (1)
ij (s, τ)| ≤ C(δ)(τ − s)−1+ α

2 , i, j = 1, 2, (35)

N
(2)
ij (s, τ) = di(s)I(2)

j (s, τ), (36)

(C(δ) is some positive constant, 0 ≤ s < τ ≤ t ≤ T ).
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Method of successive approximations

Consider N
(2)
ij (s, τ). Using the following inequalities for A(θ, y, h(τ), h(s))

and di(s), i = 1, 2:

|A(θ, y, h(τ), h(s))| ≥ θ(1 − θ)(y − h(s))2, (37)

|di(s)| ≤ B

q0

(
B

b

) 1
2

, (38)

(B and b are the constants in I, q0 = min
s∈[0,T ]

(q1(s) + q2(s)), q0 > 0.), we

�nd that

|N (2)
ij (s, τ)| ≤ B

3
2

2q0b2
√

2π
(τ − s)− 3

2

∫
Dδ

js

(y − h(s))2µ(s, dy)×

×
1∫

0

exp
{

−θ(1 − θ)(y − h(s))2

2B(τ − s)

}
dθ.

(39)
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Method of successive approximations

We now estimate V
(1)

i (s, t), i = 1, 2, in (30). Applying the relations

t∫
s

(t − τ)− 1
2 (τ − s)− 3

2 exp
{

−θ(1 − θ)(y − h(s))2

2B(τ − s)

}
dτ

=
(

2πB

θ(1 − θ)(t − s)

) 1
2 1

|y − h(s)| exp
{

−θ(1 − θ)(y − h(s))2

2B(t − s)

}
,

1∫
0

θ− 1
2 (1 − θ)− 1

2 dθ = π,

and the inequality (6), we �nd that (0 ≤ s < t ≤ T )
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Method of successive approximations

|V (1)
i (s, t)| ≤ C0∥φ∥

[
2C(δ)

t∫
s

(t − τ)− 1
2 (τ − s)−1+ α

2 dτ+

+ B
3
2

q0b2
√

2π

∫
Dδ

s

(y − h(s))2µ(s, dy)
1∫

0

dθ

t∫
s

(τ − s)− 3
2 ×

× (t − τ)− 1
2 exp

{
−θ(1 − θ)(y − h(s))2

2B(τ − s)

}
dτ

]
≤

≤ C0∥φ∥(t − s)− 1
2

[2C(δ)Γ( α
2 )Γ( 1

2 )
Γ( 1

2 + α
2 )

(t − s) α
2 + m(δ)

]
, (40)

where i = 1, 2, Γ(σ) is the gamma function,

m(δ) =
(

B

b

)2
π

2q0
max

s∈[0,T ]

∫
Dδ

s

|y − h(s)|µ(s, dy).

Note that δ can be chosen so small that m(δ) < 1. Fix such δ = δ0 and
put C = C(δ0), m0 = m(δ0) < 1.
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Method of successive approximations

By induction on n

|V (n)
i (s, t)| ≤ C0∥φ∥(t − s)− 1

2

n∑
k=0

Ck
nh

(n−k)
s,t mk

0 , (41)

where

h
(k)
s,t =

(2C1Γ( α
2 ))kΓ( 1

2 )
Γ( 1+kα

2 )
(t − s) kα

2 .

Hence we have (0 ≤ s < t ≤ T, i = 1, 2)

∞∑
n=0

|V (k)
i (s, t)| ≤ C0∥φ∥(t − s)− 1

2

∞∑
n=0

n∑
k=0

Ck
nh

(n−k)
s,t mk

0 =

= C0∥φ∥(t − s)− 1
2

∞∑
n=0

h
(n)
s,t

∞∑
k=0

Ck
n+kmk

0 =

= C0∥φ∥(t − s)− 1
2

∞∑
n=0

(2C1Γ( α
2 ))nΓ( 1

2 )
Γ( 1

2 + nα
2 )(1 − m0)n−1 (t − s) nα

2 . (42)
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Method of successive approximations

The inequality (42) ensures the absolute and uniform convergence of
series (30) when s ∈ [0, t) and gives the estimate

|Vi(s, t)| ≤ C∥φ∥(t − s)− 1
2 , i = 1, 2, (43)

where 0 ≤ s < t ≤ T and C is some positive constant.
Thus, the formula (30) represents the unique solution of the system

of integral equations (26), continuous in the domain 0 ≤ s < t ≤ T and
for which the inequality (43) holds.

Theorem 1

The nonlocal parabolic conjugation problem (2)-(5) has the unique
classical solution, continuous in St. Furthermore, this solution has the
form of the sum of potentials (17) and satis�es the inequality

|u(s, x, t)| ≤ C∥φ∥, i = 1, 2, (s, x) ∈ St.

B. Kopytko, R. Shevchuk Di�usion processes with moving membranes



Construction of process

Theorem 1 allows us to de�ne the two-parameter family of operators
(Tst)0≤s≤t≤T in Cb(R) by using the solution u(s, x, t) of problem (2)-
(5). For 0 ≤ s < t ≤ T, x ∈ R and φ ∈ Cb(R) we put

Tstφ(x) = T
(i0)
st φ(x) + T

(i1)
st φ(x), (s, x) ∈ [0, t) × Dis, i = 1, 2, (44)

where T
(i0)
st φ(x) = ui0(s, x, t), T

(i1)
st φ(x) = ui1(s, x, t), i = 1, 2.

The presence of the integral representation for the family of operators
(Tst) gives the opportunity to verify the following conditions for them:

1) if φn ∈ Cb(R), n ∈ N, sup
n

∥φn∥ < ∞ and for all

x ∈ R, lim
n→∞

φn(x) = φ(x), where φ ∈ Cb(R), then for all

(s, x) ∈ St,
lim

n→∞
Tstφn(x) = Tstφ(x);

2) for all 0 ≤ s ≤ τ ≤ t ≤ T,

Tst = Tsτ Tτt;

3) Tstφ(x) ≥ 0 for all (s, x) ∈ St if φ ∈ Cb(R) and φ(x) ≥ 0;
4) The operators Tst are contractive, i.e., they do not increase the

norm of element.
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Construction of process

From the properties 1)-4) if follows that the family of operators
(Tst)0≤s≤t≤T is the semigroup associated with some inhomogeneous
Feller process on R. If we denote by P (s, x, t, dy) its transition functi-
on, then Tstφ(x) can be represented as

Tstφ(x) =
∫
R

φ(y)P (s, x, t, dy). (45)

By direct calculations we also �nd that for any s ∈ [0, T ), φ ∈ C2
b (R)

and f ∈ C0(R) (here C0(R) denotes the set of all real continuous
functions de�ned on R with compact support) the transition functi-
on P (s, x, t, dy) satis�es the following relation:

lim
t↓s

∫
R

f(x)
[

1
t − s

(Tstφ(x) − φ(x))
]
dx =

=
∫
R

f(x)Lsφ(x)dx + 1
2(d1(s) + d2(s))× (46)

×
[
(q2(s) − q1(s))φ′(h(s)) +

∫
Ds

(φ(y) − φ(h(s)))µ(s, dy)
]
f(h(s)).
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Construction of process

Lsφ(x) =


L

(i)
s φ(x) for s ∈ [0, T ], x ∈ Dis, i = 1, 2,
2∑

j=1
lj(s)L(j)

s φ(x) for s ∈ [0, T ], x = h(s),

lj(s) =
qj(s)

√
b3−j(s, h(s))

q1(s)
√

b2(s, h(s)) + q2(s)
√

b1(s, h(s))
, j = 1, 2,

l1(s) + l2(s) = 1.

If we additionally assume the existence of moments mk(s) =
∫

Ds
(y −

h(s))kµ(s, dy) ∈ C([0, T ]), k = 1, 2, for the measure µ, then the second
term in the right-hand side of (46) can be rewritten as

1
2(d1(s) + d2(s))

[(
q2(s) − q1(s) + m1(s)

)
φ′(h(s)) + 1

2m2(s)φ′′(h(s))+

+
∫

Ds

(
φ(y) − φ(h(s)) − φ′(h(s))(y − h(s))− (47)

− 1
2φ′′(h(s))(y − h(s))2

)
µ(s, dy)

]
f(h(s)).
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Generalized di�usion coe�cients

In the special case when

µ(s, Ds) ≡ 0, s ∈ [0, T ],

the corresponding Markov process can be treated as the generalized
di�usion process in the sense of M.I. Portenko.

[4] Portenko, M.I.: Generalized di�usion processes. Translations of Mathematical
Monographs 83, American Mathematical Society, Providence, R.I., 1990.

[5] Portenko, M.I.: Di�usion processes in media with semipermeable membranes.
Institute of Mathematics of the National Academy of Sciences of Ukraine,
Kyiv, 1994.

[6] Portenko, M.I.: Di�usion processes in media with membranes. Institute of
Mathematics of the National Academy of Sciences of Ukraine, Kyiv, 1995.
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Generalized di�usion coe�cients

This means that when µ ≡ 0, the sample paths of this process are
continuous and the di�usion coe�cient equals

b(s, x) =


bi(s, x) for s ∈ [0, T ], x ∈ Dis, i = 1, 2,

2∑
j=1

lj(s)bj(s, h(s)) for s ∈ [0, T ], x = h(s), (48)

and the drift coe�cient is the generalized function of the form

a(s, x) + a0(s)δ(x − h(s)),

where

a(s, x) =


ai(s, x) for s ∈ [0, T ], x ∈ Dis, i = 1, 2,

2∑
j=1

lj(s)aj(s, h(s)) for s ∈ [0, T ], x = h(s), (49)

a0(s) = 1
2(d1(s) + d2(s))(q2(s) − q1(s)), (50)

δ(x − h(s)) is the Dirac delta function concentrated at point x = h(s).
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Generalized di�usion coe�cients

The rigorous justi�cation of the last assertion is based on the direct
veri�cation of the following properties of transition function P (s, x, t, dy):

a) for all s ∈ [0, T ), x ∈ R,

lim
t↓s

1
t − s

∫
R

|y − x|4P (s, x, t, dy) = 0;

b) for each s ∈ [0, T ) and any function f ∈ C0(R),

lim
t↓s

∫
R

f(x)
[

1
t − s

∫
R

(y − x)P (s, x, t, dy)
]
dx =

∫
R

a(s, x)f(x)dx+

+ a0(s)f(h(s)),

lim
t↓s

∫
R

f(x)
[

1
t − s

∫
R

(y − x)2P (s, x, t, dy)
]
dx =

∫
R

b(s, x)f(x)dx,

where the functions b(s, x), a(s, x) and a0(s, x) are de�ned by the formulas
(48), (49) and (50) respectively.
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Ordinary weak in�nitesimal generator

Finally, note that using the right-hand side of (46) we can also
determine the ordinary weak in�nitesimal generator of the constructed
Markov process. This generator (we denote it by As) is de�ned on
functions φ ∈ Cb(R2) such that

L(1)
s φ(h(s)) = L(2)

s φ(h(s)),

(q2(s) − q1(s))φ′(s) +
∫

Ds

(φ(y) − φ(h(s)))µ(s, dy) = 0 (51)

and, for them, it holds,

Asφ(x) = lim
t↓s

1
t − s

(Tstφ(x) − φ(x)) = Lsφ(x)

for all x ∈ R, 0 ≤ s < T .

Theorem 2

The two-parameter family of operators (Tst)0≤s≤t≤T de�ned by (44) is
the semigroup associated with the inhomogeneous Markov process on
R, the transition function P (s, x, t, dy) of which satis�es the relation
(46).
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