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The parabolic conjugation problem

Consider the strip
Se={(s,2): 0<s<t<T, —00<uz<oo}

in the plane (s,r) € R?. Assume that Sz contains the continuous curve
x = h(s), 0 < s <T, which separates S; into two domains

St(l):{(s,w): 0<s<t<T, —co<x<h(s)}

and
575(2):{(3’x): 0<s<t<T, h(s) <z < oo}

Put Dy, = (—00,h(s)), Das = (h(s),00), Dy = D15 U Dag, DS, = {y :
Yy € Dis, |y — h(s)| < 6},4 = 1,2, D2 = D3, U DS, where ¢ is any
positive number. Denote by G the closure of the set G.

In the strip St we consider two uniformly parabolic operators with
bounded continuous coefficients
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The parabolic conjugation problem; Tgp(z) = u(s,z,t)

The problem is to find a classical solution u(s, z,t) of equation

ou
ds
which satisfies the "initial" condition

+LOu=0, (s,z)e8"”, i=1,2, (2)

lig;U(s, z,t) =p(z), z€R, (3)
S

and two conjugation conditions
u(s,h(s) —0,t) = u(s,h(s) +0,t), 0<s<t<T, (4)
0 0
q1(5) 2= (5, h(s) — 0,t) — ga(s) 2= (s, h(s) + 0, )+
ox ox (5)
[ s h(s),8) = uls, D] alsdp) =0, 0 <5 <t<T,
D

s

where ¢ € Cp(R), ¢; € C([0,T]), ¢; > 0,i=1,2, g1(s) + q2(s) >0, s €
[0,T], and p(s,-) is a nonnegative Borel measure on D such that for
any 0 > 0

[ o= b lutsd) + 5. DADY <%, s€0.TL (6)

B. Kopytko, R. Shevchuk Diffusion processes with moving membranes



The general Feller-Wentzell conjugation condition

The general Feller-Wentzell conjugation condition has the form

() e (5, h(s), 1)+ 5) 5 s, ) = 0,0) = gals) g s, hs) + 0, 0)+
+ y(s)u(s, z,t) +/ [u(s, h(s),t) —u(s,y,t)]u(s,dy) = 0.
Dy

In our case r(s) = v(s) =0, ¢1(s) + g2(s) > 0 for every s € [0,T].

[1] Feller, W.: The parabolic differential equations and associated semigroups of
transformations. Ann. of Math. Soc. 55 (1952), 468-519.

[2] Wentzell, A.D.: Semigroups of operators that correspond to a generalized di-
fferential operator of second order. Dokl. AN SSSR 111 (1956), no. 2, 269-272.

[3] Langer, H. and Schenk W.: Knotting of one-dimensional Feller process. Math.
Nachr. 113 (1983), 151-161.
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Additional conditions

L

II.

II1.

Iv.

The equation (2) is the equation of parabolic type in Sz, i.e., there
exist positive constants b and B such that

0<b<bi(s,zr) <B<oo, i=1,2 (s,z)€Sr.
The coefficients a;(s, ) and b;(s,x), i = 1,2, are continuous in St
and belong to the Holder class H2*(S7), 0 < a < 1.

The measure x in (5) has the property: for any function f € Cy(R)
and any number § > 0 the integrals

/ (v — h()) [ (w)u(s. d), / f@us.dy), i=1,2,
DS D \D?,

are continuous on [0, 7] as functions of s.

The curve h(s) is continuous and belongs to the Holder class
H3 ([0, T)).
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The parabolic problem of conjugation with nonlocal condition

In view of the above setting of the problem (2)-(5), it is convenient
to write the function v in the form

(1)

ul(S,JC,t), (S,I) € S )

u(s,x,t) = 1‘(2)
ua(s,x,t), (s,x) €87,

(7)

Thus, to solve the problem (2)-(5), we can find a pair of functions
u;i(s,x,t) (i = 1,2), continuous and bounded in the closed domain ?El),

which satisfy the equation (2) in the open domain St(z) (in the classical
meaning), the "initial" condition (3) for z € Dy, and, for = h(s),
they are interrelated by two conjugation conditions (4) and (5), which
can be rewritten in the form:

ui(s, h(s),t) = ua(s,h(s),t), 0<s<t<T,

01(5) 25 5, h(5), 1) — () 22 s, (5), 0

JrZ/[ui(s,h(s),t)fui(s,y,t)},u(s,dy):O, 0<s<t<T.

i:1Dis
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Fundamental solution

The conditions I, IT ensure the existence of the fundamental solution
for each equation in (2), i.e., the existence of the function G;(s,z,t,y)
1=1,2(0<s<t<T;xy e R), which for fixed t € (0,7],y € R
satisfies the equation (2) as function of (s,z) € [0,t) X R and admits
the representation

Gi(sa‘ratvy) = Zio(saxat7y) + Zﬂ(S,‘T,L )a 1= 1727 (8)

where

_2)?
Za(saiton) = Lavde)(e - o Fep { -5 L)

t
Zn(s,0,1, ) = / dr / Zio(s,2,7,2)Qu(7, 2 1, y)dz, (10)
s R

and the function Q;(s,x,t,y) is the solution of some singular Volterra
integral equation of the second kind.
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Fundamental solution

o Properties of the fundamental solutions.

1427r4p — 2
DIDLG (st < Ol =) F e {2
— S

2

|mmzmwmm<mwwlwﬁ“m{”%ﬂ?} (12)
where i =1,2, 0<s<t<T, z,y,€ R, C' and c¢ are positive constants
(in the sequel, various positive constants depending on data of the
problem (2)-(5) will be denoted by symbols C or ¢ without specifying
their values); r and p are the nonnegative integers for which 2r 4+ p <
2, D7 is the partial derivative with respect to s of order r, D? is the
partial derivative with respect to x of order p.

Remark. The inequality (11) holds for any nonnegative integers r and
p, when G, is replaced by Zj.
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Fundamental solution

/Gi(s,x,t,y)dy =1, i=1,2, (13)
R
/ Gils, 2, t,9)(y — w)dy = (14)
R

t
:/dT/Gi(S,l',T,Z)ai(T,Z)dZ, i1=1,2, (15)
s R

/G(s 2t y)(y — 2) dy—/dT/G (5,2, 7, 2)ba(7, 2)dot

S

+2/dT/G s,x, T, 2)a;(1,2)(z — x)dz, i=1,2.
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Solution representation

A solution u(s,z,t) = u;(s,z,t), (s,x) € gii), 1t = 1,2, of problem
(2)-(5) has the form

Ui(S,l‘,t) = UiQ(S,.T,t) + uil(87x7t)? (S,J)) € §£1)7 1= 1a27 (17)

where the function wu;y is the Poisson potential generated by the fun-
damental solution G;, i = 1,2, of the equation (2),

uio(sa xZ, t) = / G1(57 xZ, ta y)@(y)dy7
R
and wu;; is the simple-layer potential

t

wn(s.a.t) = / Gi(s, .7, h(r) Vil t)dr,

S

with densities V;(7,t), ¢ = 1,2, which are determined as the solution of
some system of Volterra integral equations of the second kind.
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Parabolic potentials

o The function w;o(s,x,t), i = 1,2, satisfies the estimate

2r+p

| D DY uio(s, )] < Cllgll(t — )" 7=, (18)

where 0 < s <t < T,z € R, r and p are the nonnegative integers

such that 2r +p < 2.

From the theorem on a jump of the conormal derivative of the

simple-layer potential it follows that if the curve h(s) belongs to
14«

H™= ([0,T]) for some a € (0, 1), and the function V;(7,t) is conti-
nuous for 0 < 7 < ¢ < T and satisfies in this domain the inequality

Vi(r,t)| <Ct—7)7% 0<6<1, i=1,2,

then the function w;; (s, x,t) satisfies the relation (i = 1,2):

. Ousn Vi(s,t)
1 —F
et By BB =F eyt
: (19)
+ [ S s )WV )
X

S

for an arbitrary point = = h(s), s € [0, ).
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The system of Volterra integral equations

Suppose a priori that the unknown densities V;(s,t), i = 1,2, are
continuous in the domain 0 < s < ¢ < T and admit the weak integrabi-
lity with some exponent > —% when s = t. Using the conjugation
conditions (4), (5), in view of (19), we obtain the following system of
two Volterra integral equations for V;:

9 t
z:(—l)i_l/Gi(s7I”L(S),T,h(T))V;-(T7 t)dr = Po(s,t), (20)

=1

7

Z I%%(SJ) = V(s t) + Z/Kj(s,T)Vj(T, tydr, (21

where
Do (s,t) = ugo(s, h(s),t) —uio(s, h(s),t),

Ousgo (s, h(s),t) - Ouio(s, h(s),t)
ox a(s) Ox +

+ Z /[Uio(S,y,t) —wo(s, h(s), t)]p(s, dy),

\I/(S,t) = Q2(s)
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The system of Volterra integral equations

Kj(s,r) = (_1)jqj(8) 8Gj(8’ hgiza 7, h(T))+

+ / (G5, 9,7 h(r)) — Gy (s, h(s). 7. h(r)) (s, dy), G = 1.2
Dj.

We see that the above system of equations, in addition to the Volterra
integral equation of the second kind (21) contains also the Volterra
integral equation of the first kind (20). By the Holmgren transform
we reduce this equation to the equivalent Volterra integral equation of
the second kind. For this purpose we introduce the integro-differential
operator £ which acts by the rule

S(S,t)f:\/zaas/t(p—s)_éf(p,t)dp, 0<s<t<T. (22)
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The system of Volterra integral equations

Consider the application of the operator £ to the right-hand side of
(20), i.e., to the function ®¢(s,t). From the finite-increments formula
and from the estimates (18) it easily that

14a 14a

[@o(s,t) = o(5, 1) < Cllgl|(t— )" 7 (s —5) =, (23)

where 5 < s, a € (0,1).
Let ®(s,t) = £(s,1)Pg. In view of (23), we get the formula

B(s.) = <= [ (0= 9 HB0(p.0) — (s, -

(24)
2 1
—\/—(t—5)"2 t
7T( 5)"2Po(s, 1)
and the following estimate:
(s,1)| < Cllpli(t—5)"2, 0<s<t<T. (25)
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The system of Volterra integral equations

2 t
Vi(s7t):\Ili(s,t)—l—Z/Nij(s,T)Vj(T,t)dﬂ i=1,2,  (26)
=17
where

\I/i(S, t) = dl(S)

U(s,t) + bg_i(s,h(s))©(7t)l’ 1,2,

(s,7) = di(s M
Nl]( ) ) dl( ) bg_z‘(S,h(s))

bi(s, h(s))\/bs—i(s, h(s))
(5)3/b2(5, h(s)) + qa(s)/b1 (s, h(s))

Ry(s.7) = (1)jﬁ§s / (0= )"} Z3s (o (). 7 b))+

+ (G (p h(p), 7, 1(7)) = G (p, h(7), 7, h(T)))ldp, j =1,2.
IR;(s,7)| < C(r—s)"'"2, 0<s<7<t<T. (27)

Kj(S,T) +

Rj(s77—)‘| ) Za] = 132
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Estimates

o The estimate for function ¥;:
Ti(s,t)| < Collgll(t—5)"2, 0<s<t<T.  (28)

o The kernels IV;; contain the terms which for 7 = s have
non-integrable singularity:

INij(s, )| < O(r —s)~ " (29)
These terms have the form (j = 1,2):
6.7V = [ |Zals 0 10)) = Zpls ) ) s ).
DS,
All other terms in the expression for N;; admit the inequality

with the right-hand side C(r — s)~!+% (C is some positive
constant).
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Method of successive approximations

Despite a "strong" singularity of kernels N;; (s, 7), the ordinary method
of successive approximations can still be applied to the system of Volterra
integral equations (26).

The function V;(s,t) is found in the form of series

oo

Vits,t) =Y Vi (s,t), 0<s<t<T, i=12 (30)

i
n=0

where

VO (s,t) = Uy(s,8), i=1,2,

9 t
JACOEDY / Nij(s, )V D (rtydr, i=1,2, n=12..
Jj=1%
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Method of successive approximations

Consider the integral

1506.7) = [ |Zos. 1)) = Zyls 3) o) s, )

and write it in the form:

1

Li(s, 1) = —[27Tb-(7' h(m))(T —8)]7Zx

/ de/ B v r S

where

A(0,y,h(0), h(s)) = (1 = 0)(y — h(7))* + O(h(s) — h(r))?.

Let us differentiate the integrand with respect to 6 and take into account
that

—(y = h(7))* + (h(s) = h(7))* = 2(h(7) — h(s))(y — h(s)) — (y — (s))".
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Method of successive approximations

[t [on{ AL
0

I(-Q)S,T = — 1 3 —hS2 S7d
s en wﬂ[w,h(ﬂxf—s)}aD[ W=l )

[l
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Method of successive approximations

Using the condition IV and the inequality (6), we obtain that
10 (s,7)] < C@)(r = 5) 714, (33)

After estimating all other terms in the expression for N;;(s,7) in (26),
we obtain that N;;(s,7) can be written in the form

Nij(s,7) = NP (s,7) + NP (s,7), 4,5 =1,2, (34)

where
NP (s,7)] < CO)r—)7F5, ij=1,2, (35)
NP (s,7) = di(s) I} (s, 7), (36)

(C(9) is some positive constant, 0 < s <7<t <T).
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Method of successive approximations

Consider Ni(f) (s, 7). Using the following inequalities for A(0,y, h(T), h(s))
and d;(s), 1 =1,2:

[ A0, y,h(1), h(s))| > 0(1 = 0)(y — h(s))?, (37)
B (B\*®

|di(s)] < ™ (b) : (38)
(B and b are the constants in I, ¢o = éni%“](ql(s) +q2(s)), go >0.), we

find that o

(2) B — 5% — h(s))?*u(s
NG (8,7 < 57— 9 D[ (5~ b(s) (s dy)
. (39)
0(1 —0)(y — h(s))*
x/exp{— 3B(r — ) }d@.
0
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Method of successive approximations

We now estimate V;(l)(s,t), i =1,2, in (30). Applying the relations

/t(t — )i (r—s) " %exp {—9(1 _2?((72“’_5};(8))2 } dr

S

- <e<1 —2;% - s>>é v —1h<s>\ o {‘9(1 _228 - si;W } ’

1

1
/0*%(1 —0)"2df =,
0

and the inequality (6), we find that (0 < s <t <T)
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Method of successive approximations

t

VO (s, 9] < Collel [2c<6> Je-nte -9t

S

X 1 ¢
B} , e
+ mm (y — h(s)) M(&dy)o/de/(T )72x

— )y — h(s))?
X (t—T)_éexp{—e(l 22)((3_ s};( ) }d’]’:| <
< cullel(e -t |PEOR - 9t )], 0

where i = 1,2, T'(0) is the gamma function,

m(5)<b> %Sreng);/ly h(s)|u(s, dy).

Note that 0 can be chosen so small that m(d) < 1. Fix such ¢ = ¢y and
put C' = C(dy), mo = m(dp) < 1.
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Method of successive approximations

By induction on n

V(s 0] < Collell(t = s) 72 > CERly P m, (41)
k=0
where )
Wb _ 2OT(5)) () ko

T e 7Y

Hence we have (0 < s <t<T,i=1,2)

> Vs, < Collgll(t = 9)72 Y D" Crnly i =

n=0 n=0 k=0
'S
_1
— Collgll(t—5)7F 3 n Z ko —
n=0

00 a1
= Collell(t—5)72 > r<1(ici£§fl))2§§))m e

n=0
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Method of successive approximations

The inequality (42) ensures the absolute and uniform convergence of
series (30) when s € [0,¢) and gives the estimate

Vs, )] < Cllelit— )72, i=1,2, (43)

where 0 < s <t < T and C is some positive constant.

Thus, the formula (30) represents the unique solution of the system
of integral equations (26), continuous in the domain 0 < s < ¢ < T and
for which the inequality (43) holds.

Theorem 1

The nonlocal parabolic conjugation problem (2)-(5) has the unique
classical solution, continuous in S;. Furthermore, this solution has the
form of the sum of potentials (17) and satisfies the inequality

|U,(S,l‘,t)| < CH(P”, i=1,2, (va) € St.
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Construction of process

Theorem 1 allows us to define the two-parameter family of operators
(Tst)o<s<t<r in Cp(R) by using the solution u(s,z,t) of problem (2)-
(5). For 0<s<t<T,zeRand ¢ € Ch(R) we put

Tup(r) = TSV o(x) + TV (),  (s,2) € [0,8) X Dy, i = 1,2, (44)

S

where Ts(zo)go(x) = u;o(s, x,t), Ts(fl)go(;v) =uj(s,x,t), 1 =1,2.
The presence of the integral representation for the family of operators
(Ts:) gives the opportunity to verify the following conditions for them:

1) if ¢, € Cp(R), n € N, sup ||, || < oo and for all
z €R, lim ¢,(z) = ¢(x), where ¢ € C,(R), then for all
n—0o0

(s,x) € Sy,
Tim Ty (@) = Tp(w);

2) foral 0 <s<7<t<T,
Tst = TS’TT’Tt;

3) Tae(z) >0 for all (s,x) € Sy if p € Cy(R) and ¢(z) > 0;
4) The operators Ts; are contractive, i.e., they do not increase the
norm of element.
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Construction of process

From the properties 1)-4) if follows that the family of operators
(Tst)o<s<t<T is the semigroup associated with some inhomogeneous
Feller process on R. If we denote by P(s,x,t,dy) its transition functi-
on, then Tys;p(x) can be represented as

Tapla) = [ e)Pls..t,dy) (45)
R
By direct calculations we also find that for any s € [0,7), ¢ € CZ(R)
and f € Cp(R) (here Cp(R) denotes the set of all real continuous
functions defined on R with compact support) the transition functi-
on P(s,z,t,dy) satisfies the following relation:

hm/f )| 725 Tpta) - pla))| o =

tls

- / F@) Lasp(e)de -+ 5(d(5) + dafs)) x (40)

Esl

X {((h(s) —a1(s))¢'(h(s)) + /(@(y) —p(h(s)))u(s, dy) | f(h(s)).

s
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Construction of process

LY%(z) for s€[0,T), 2z € Dy, i=1,2,

L. —J 2 ,
PO =N S L)L (@) for s € [0,T], x = h(s),
j=1
b h
L(s) = 4;(5)v/b3—; (s, ( ) i—12
\/bgsh +QQ blsh( ))
li(s )+12( )=1
If we additionally assume the existence of moments my(s) = [ D. (y—

h(s))*u(s,dy) € C([0,T]), k = 1,2, for the measure , then the second
term in the right-hand side of (46) can be rewritten as

(01(6) 4 da(6) | (2(6) = a(5) + 1 (3)) (5D + gmal)g" (o) +

+ / (w(y) —@(h(s)) = ¢'(h(s))(y — h(s))— (47)
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Generalized diffusion coefficients

In the special case when
u(s, D) =0, sel0,T],

the corresponding Markov process can be treated as the generalized
diffusion process in the sense of M.I. Portenko.

[4] Portenko, M.I.: Generalized diffusion processes. Translations of Mathematical
Monographs 83, American Mathematical Society, Providence, R.L., 1990.

[5] Portenko, M.I.: Diffusion processes in media with semipermeable membranes.
Institute of Mathematics of the National Academy of Sciences of Ukraine,
Kyiv, 1994.

[6] Portenko, M.I: Diffusion processes in media with membranes. Institute of
Mathematics of the National Academy of Sciences of Ukraine, Kyiv, 1995.
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Generalized diffusion coefficients

This means that when p = 0, the sample paths of this process are
continuous and the diffusion coefficient equals

bi(s,z) for s€[0,T],z € Dys,i=1,2,

Do) = S (s (s, h(s)) for s e 0,T] @ =h(s), O
j=1
and the drift coefficient is the generalized function of the form
a(s,z) + ap(s)d(x — h(s)),
where
ai(s,x) for s€0,T],x € Dy, i=1,2,
—J 2
D= S hs)as(s,h(s) Tor se0TL o =hs), )
i=1
1
ao(s) = 5 (di(s) + d2(s))(az(s) — a1 (s)), (50)

d(z — h(s)) is the Dirac delta function concentrated at point & = h(s).
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Generalized diffusion coefficients

The rigorous justification of the last assertion is based on the direct
verification of the following properties of transition function P(s, x,t, dy):

a) forall s €[0,7), x € R,

lim
tls t — s

/|y—x| P(s,x,t,dy) = 0;

b) for each s € [0,7) and any function f € Cy(R),

lim f(m)[tis /(yfr)P(s,x,t, dy)} do = /a(s,o:)f(x)der
R R R

+ao(s)f(h(s)),

lim f(:z:)[tis/(y z)? (s:z:tdy} :/bsz
R

R R

where the functions b(s, z), a(s, z) and ag(s, z) are defined by the formulas
(48), (49) and (50) respectively.
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Ordinary weak infinitesimal generator

Finally, note that using the right-hand side of (46) we can also
determine the ordinary weak infinitesimal generator of the constructed
Markov process. This generator (we denote it by Ay) is defined on
functions ¢ € Cy,(R?) such that

LV g(h(s)) = LPp(h(s)),
(g2(5) — qu(s))¢'(s) + / (o(y) — @(h(s)u(s.dy) =0 (51)

Dy

and, for them, it holds,

Asp(z) = lim (Tsep(z) — p(x)) = Lsip()

tls t — s

forallz e R, 0<s<T.

The two-parameter family of operators (Ts;)o<s<i<7 defined by (44) is
the semigroup associated with the inhomogeneous Markov process on
R, the transition function P(s,z,t,dy) of which satisfies the relation
(46).
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