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Motivation

Dirichlet-Neumann Boundary Value Problem

− div(ρA(x)∇u) = f in Ω, (1)

u = 0 on ΓD , (ρA∇u, ν) = 0 on ΓN . (2)

Main Assumptions

ρ(x) > 0 a.e. in Ω, ρ ∈ L1(Ω), (3)

∂Ω = ΓN ∪ ΓD , (4)

(ξ,A(x)ξ) ≥ α|ξ|2, |A(x)| ≤ α−1 for a.a x ∈ Ω. (5)



Motivation

Functional Framework

With a given weight ρ we can associate two weighted Sobolev
spaces:

(i) W 1,2
0,ρ (Ω; ΓD) is the set of functions y ∈ W 1,1

0 (Ω; ΓD) for
which the energy norm

∥y∥ρ =

(∫
Ω

(
y2 + ρ |∇y |2

)
dx

) 1
2

is finite;

(ii) H1,2
0,ρ (Ω; ΓD) is the closure of C∞(RN ; ΓD) with respect to the

∥ · ∥ρ-norm.

H1,2
0,ρ (Ω; ΓD) ⊆ W 1,2

0,ρ (Ω; ΓD).



Motivation

Assume that 1/ρ ∈ L1(Ω). Then the estimates∫
Ω
|y | dx ≤ |Ω|

1
2

(∫
Ω
|y |2 dx

) 1
2

≤
√
|Ω| ∥y∥ρ, (6)∫

Ω
|∇y | dx ≤

(∫
Ω
|∇y |2ρ dx

) 1
2
(∫

Ω
ρ−1 dx

) 1
2

≤ C∥y∥ρ, (7)

imply that H1,2
0,ρ (Ω; ΓD) and W 1,2

0,ρ (Ω; ΓD) are complete with respect
to the norm

∥y∥ρ =

(∫
Ω

(
y2 + ρ |∇y |2

)
dx

) 1
2

,

and

H1,2
0,ρ (Ω; ΓD) ↪→ Lp(Ω), W 1,2

0,ρ (Ω; ΓD) ↪→ Lp(Ω), ∀ p ∈ [1, 2].



Motivation

Definition 1. A weight ρ is regular if H1,2
0,ρ (Ω; ΓD) = W 1,2

0,ρ (Ω; ΓD).

Definition 2. A weight ρ belongs to A2 if ∃C > 0 such that

sup
B⊂RN

(
1

|B|

∫
B
ρ dx

)(
1

|B|

∫
B

1

ρ
dx

)
≤ C .

Proposition 1. If ρ ∈ A2 then H1,2
0,ρ (Ω; ΓD) = W 1,2

0,ρ (Ω; ΓD).

Warning!!

ρ,
1

ρ
∈ L1(Ω) ̸=⇒ ρ ∈ A2.



Motivation

Counterexample

Weight function ρ ∈ Ψ(1) such that ρ ̸∈ A2, where

Ψ(p) =

{
ρ ∈ L1(Ω),

1

ρ
∈ Lp(Ω)

}

Ω = B1(0) ⊂ RN , ρ(x) = |x |α
(
ln

e

|x |

)β

with β > 1, 1 < α < N.

In this case(
1

|Bd |

∫
Bd

ρ dx

)(
1

|Bd |

∫
Bd

1

ρ
dx

)
∼ ln

e

d
→ ∞ as d → 0.



Motivation

Graphical interpretation



Motivation

Key Step

Let’s assume that ρ ∈ Ψ(r) for some r ≥ 1. Then, setting
q = 2r

r+1 , it follows from the Hö1der inequality that

∫
Ω
|∇u|q dx ≤

(∫
Ω
|∇u|2ρ dx

)r/(r+1)(∫
Ω

(
1

ρ

)r

dx

)1/(r+1)

.

Since ∥u∥
W 1,2

0,ρ (Ω;ΓD)
=
(∫

Ω

(
u2 + ρ |∇u|2

)
dx
) 1

2 , it follows that

∥u∥
W 1,q

0 (Ω;ΓD)
≤ C∥u∥

W 1,2
0,ρ (Ω;ΓD)

, ∀ u ∈ W 1,2
0,ρ (Ω; ΓD)

and the following embedding is continuous

W 1,2
0,ρ (Ω; ΓD) ↪→ W 1,q

0 (Ω; ΓD) with q =
2r

r + 1
.



Motivation

Sobolev Embedding Theorem

The Sobolev embedding theorem says that if 1 ≤ p < N, then
W 1,p(Ω) ↪→ Lq(Ω) with

– compact embedding for q ∈ [1, p∗), where 1
p∗ = 1

p − 1
N ;

– continuous embedding for q = p∗,

where p∗ = Np/(N − p) stands for the Sobolev embedding exponent.

Reformulated Version of Sobolev Embedding Theorem

Let r ≥ 1 be a given value. Then setting q = 2r/(r + 1), we see that
1 ≤ q < N with N ≥ 2. Therefore, if N(r + 1) > 2r , then
W 1,q(Ω) ↪→ Ls(Ω) with compact embedding for s ∈ [1, q∗) and with
continuous embedding for s = q∗ provided

q∗ =
2rN

N(r + 1)− 2r
.



Main Observation

Theorem 1. Let r ≥ 1 be a given value. Assume that

ρ ∈ Ψ(r) =

{
ρ ∈ L1(Ω),

1

ρ
∈ Lr(Ω)

}
.

Then the following embeddings are continuous

W 1,2
0,ρ (Ω; ΓD) ↪→ W 1,q

0 (Ω; ΓD) ↪→ Lq
∗
(Ω)

with q∗ = 2rN
N(r+1)−2r . Furthermore, by the duality, we deduce:

Lq∗(Ω) ↪→ W−1,2
ρ (Ω; ΓD), with q∗ =

2rN

N(r − 1) + 2r
,

and there exists C > 0 such that

∥u∥Lq∗(Ω) ≤ C∥u∥
W1,2

0,ρ(Ω;ΓD)
, ∀ u ∈ W1,2

0,ρ(Ω; ΓD).



On Equivalent Norms

Leonardi (1994)

Theorem 2. Let ρ ∈ L1(Ω) be a given weight such that
1/ρ ∈ Lr (Ω) with r ≥ N/2. Then there exists a constant C > 0,
depending on N, Ω, and ρ, such that∫

Ω
|u|2 dx ≤ C

∫
Ω
|∇u|2ρ dx , ∀ u ∈ W 1.2

0,ρ (Ω; ΓD). (8)

Ko

Theorem 3. Let ρ ∈ L1(Ω) be a given weight such that
1/ρ ∈ L1(Ω). Then there exists a constant C > 0, depending on
N, Ω, and ρ, such that∫

Ω
|u|2 dx ≤ C

∫
Ω
|∇u|2ρ dx , ∀ u ∈ H1.2

0,ρ (Ω; ΓD). (9)



The main concept of weak solutions

Definition of a weak solution

Let ρ ∈ Ψ(r) with r ≥ 1. Let f ∈ W−1,2
ρ (Ω; ΓD). Then

u ∈ W 1,2
0,ρ (Ω; ΓD) is a weak solution of

− div(ρA(x)∇u) = f in Ω, (10)

u = 0 on ΓD , (ρA∇u, ν) = 0 on ΓN , (11)

if ∀φ ∈ C∞
0 (Ω; ΓD) the integral identity holds∫

Ω
(∇φ,A(x)∇u) ρ dx = ⟨f , φ⟩

W−1,2
ρ (Ω;ΓD);W

1,2
0,ρ (Ω;ΓD)

(12)

Proposition 2. If the set C∞
0 (Ω; ΓD) is dense in W 1,2

0,ρ (Ω; ΓD),
then the weak solution of BVP (10)–(11) is unique.



The main concept of weak solutions

Definition of a variaational solution

Let ρ ∈ Ψ(r) for some r ≥ 1, and H1,2
0,ρ (Ω; ΓD) ̸= W 1,2

0,ρ (Ω; ΓD). Let

Vρ be an intermediate space, H1,2
0,ρ(Ω; ΓD) ⊆ Vρ ⊆ W1,2

0,ρ(Ω; ΓD).

Let f ∈ (Vρ)
′. We say that u ∈ Vρ is a Vρ-solution (or variational

solution) of (10)–(11) if variational equality∫
Ω
(∇φ,A(x)∇u) ρ dx = ⟨f , φ⟩

W−1,2
ρ (Ω;ΓD);W

1,2
0,ρ (Ω;ΓD)

(13)

holds for each test function φ ∈ Vρ.
As a result, we arrive at the so-called energy equality∫

Ω
(∇u,A(x)∇u) ρ dx = ⟨f, u⟩V′

ρ;Vρ
. (14)



Existence Issues

Lax-Milgram Lemma

Let ρ ∈ Ψ(r), r ≥ N/2, be a given weight function. Let Vρ be an

intermediate space, H1,2
0,ρ (Ω; ΓD) ⊆ Vρ ⊆ W 1,2

0,ρ (Ω; ΓD). Let

f ∈ (Vρ)
′ be a given distribution. Then for each intermediate

space Vρ the Dirichlet-Neumann BVP (10)–(11) admits a unique
variational solution such that

∥u∥ρ,0 :=
(∫

Ω
|∇u|2ρ dx

)1/2

≤ α−1∥f ∥V ′
ρ
. (15)



L∞-Regularity Result in the Spirit of Stampacchia

Lemma (Stampacchia)

Let ψ : R+ → R+ be a nonincreasing function such that

ψ(h) ≤ Mψ(k)δ

(h − k)γ
, ∀ h > k > 0,

where M > 0, δ > 1, and γ > 0. Then ψ(d) = 0, where

dγ = Mψ(0)δ−12
δγ
δ−1 .

Theorem 4.

Let ρ ∈ Ψ(r) with r > N/2. Then, for every Vρ and f ∈ Lp(Ω) with

p >
Nr

2r − N
, a unique variational Vρ-solution belongs to L∞(Ω), and

∃C > 0 such that
∥u∥L∞(Ω) ≤ C∥f∥Lp(Ω). (16)



The Proof of L∞-Regularity Result

Since f ∈ Lp(Ω) with p >
Nr

2r − N
and Lp(Ω) ⊂ Lq∗(Ω) ↪→ V′

ρ, it

follows that f ∈ V ′
ρ. Hence, ∃ a unique variational Vρ-solution u ∈ Vρ.

Then, ∀ k > 0, we choose φ = Gk(u) as a test function, where

Gk(s) = s −max {−k ,min {s, k}} = (|s| − k)+ sgn(s), ∀ s ∈ R (17)

Setting Ak = {x ∈ Ω : |u(x)| ≥ k}, we obtain ∇Gk(u) = G ′
k(u)∇u



The Proof of L∞-Regularity Result

α

∫
Ak

|∇Gk(u)|2ρ dx ≤
∫
Ak

(∇Gk(u),A(x)∇Gk(u)) ρ dx

≤
∫
Ω

(∇Gk(u),A(x)∇u) ρ dx =

∫
Ω

fGk(u) dx

=

∫
Ak

fGk(u) dx . (18)

Hence,

αC 2
q

S2
q

(∫
Ak

|Gk(u)|q
∗
dx

) 2
q∗

≤
(∫

Ak

|f |q∗ dx
)1/q∗ (∫

Ak

|Gk(u)|q
∗
dx

)1/q∗

.

This yields ∫
Ak

|Gk(u)|q
∗
dx ≤

(
S2
q∥f ∥Lp(Ω)

αC 2
q

)q∗

|Ak |
q∗
q∗ − q∗

p . (19)



The Proof of L∞-Regularity Result

We take h > k, so that Ah ⊆ Ak , and Gk(u) ≥ h − k on Ah. As a result,
(19) implies

(h − k)q
∗
|Ah|≤

(
S2
q∥f ∥Lp(Ω)

αC 2
q

)q∗

|Ak |
q∗
q∗ − q∗

p . (20)

Then we can rewrite (20) as follows

ψ(h) ≤ Mψ(k)δ

(h − k)γ
, where ψ(k) = |Ak |.

Since the assumption f ∈ Lp(Ω) with p >
Nr

2r − N
implies that

q∗

q∗
− q∗

p
> 1 ∀ r > N

2
,

it follows from Stampacchia Lemma that ψ(d) = 0, i.e.,

|u(x)| ≤ d = Ĉ∥f ∥Lp(Ω) a.e. in Ω,



Comments to the classical Stampacchia theorem

If f ∈ Lp(Ω) with p > N/2, then

− div(A(x)∇u) = f in Ω, (21)

u = 0 on ΓD , (A∇u, ν) = 0 on ΓN , (22)

admits a unique solution u ∈ L∞(Ω) ∩ H1
0 (Ω; ΓD).

Since
Nr

2r − N
>

N

2
, ∀N ≥ 3 and ∀ r > N

2
,

it follows that the boundedness of variational solutions for
degenerate elliptic equations requires more regularity for the
function f .
In particular, if N = 3 then p > 3/2 in non-degenerate case,
whereas p > 6 with r = 2 in the degenerate case provided
ρ ∈ Ψ(2).



On Higher Integrability of Variational Solutions

Theorem 5.

Let ρ and f be given functions with properties

ρ ∈ Ψ(r) and f ∈ Lp(Ω)

with q∗ =
2rN

N(r − 1) + 2r
≤ p <

Nr

2r − N
and r >

N

2
.

(23)

Let H1,2
0,ρ(Ω; ΓD) ⊆ Vρ ⊆ W 1,2

0,ρ (Ω; ΓD) be an intermediate space. Then a
unique variational Vρ-solution of Dirichlet-Neumann BVP (10)–(11)
belongs to Lm(Ω) with

m =
Npr

Nr − p(2r − N)
, (24)

where q∗ ≤ m <∞ wheneve q∗ ≤ p < Nr
2r−N , and

∥u∥Lm(Ω) ≤ C∥f ∥Lp(Ω). (25)



Sketch of the proof

Since Lp(Ω) ⊂ Lq∗(Ω) ↪→ V ′
ρ, it follows ∃ a unique u ∈ Vρ.

Then for a fixed k > 0 and a given γ > 1, we can choose
φ = |Tk(u)|2γ−2 Tk(u) as a test function in (12), where

Tk(s) = max {−k ,min {s, k}} . ∀ s ∈ R (26)



Sketch of the proof

This yields:

(2γ−1)

∫
Ω

(A(x)∇u,∇Tk(u)) |Tk(u)|2γ−2 ρ dx =

∫
Ω

f |Tk(u)|2γ−2 Tk(u) dx .

Since ∇u = ∇Tk(u) at those points where ∇Tk(u) ̸= 0, it follows

α(2γ − 1)

∫
Ω

|∇Tk(u)|2 |Tk(u)|2γ−2 ρ dx

≤ (2γ − 1)

∫
Ω

(A(x)∇Tk(u),∇Tk(u)) |Tk(u)|2γ−2 ρ dx

≤
∫
Ω

|f | |Tk(u)|2γ−1 dx .

Due to the representation |∇Tk(u)|2 |Tk(u)|2γ−2 = 1
γ2 |∇|Tk(u)|γ |2, the

previous relation can be rewritten as follows

α(2γ − 1)

γ2

∫
Ω

|∇|Tk(u)|γ |2 ρ dx ≤
∫
Ω

|f | |Tk(u)|2γ−1 dx . (27)



Sketch of the proof

Using then the embedding

Vρ ⊂ W1,2
0,ρ(Ω; ΓD) ↪→ W1,q

0 (Ω; ΓD) ↪→ Lq∗(Ω)

with q = 2r
r+1

and q∗ = 2rN
N(r+1)−2r

, we see that(∫
Ω

|∇|Tk(u)|γ |2 ρ dx
)1/2

≥ Cq

(∫
Ω

|∇|Tk(u)|γ |q dx

)1/q

≥ Cq

Sq

(∫
Ω

|Tk(u)|γq
∗
dx

)1/q∗

.

Then (27) yields

α(2γ − 1)C 2
q

γ2S2
q

(∫
Ω

|Tk(u)|γq∗ dx

)2/q∗

≤ ∥f ∥Lp(Ω)

(∫
Ω

|Tk(u)|(2γ−1)p′ dx

)1/p′

, (28)

where p′ = p/(p − 1).



Sketch of the proof

Define γ as the root of the equation γq∗ = (2γ − 1)p′. Then

Then
γ =

p

2p − (p − 1)q∗
,

and (∫
Ω
|Tk(u)|m dx

) 2
q∗−

1
p′

≤ C∥f ∥Lp(Ω).

Since

2

q∗
− 1

p′
=

1

m
with m = γq∗ =

Npr

Nr − p(2r − N)

we finally obtain

∥Tk(u)∥Lm(Ω) ≤ C∥f∥Lp(Ω), ∀ k > 0. (29)



Duality Solutions

Definition.

Let ρ ∈ Ψ(r), r > N/2 be given, and let f ∈ Lp(Ω) with
1 ≤ p < q∗ = 2rN

N(r−1)+2r
. We say that a function u ∈ L1(Ω) is a

duality Vρ-solution of the BVP

− div(ρA(x)∇u) = f in Ω, (30)

u = 0 on ΓD , (ρA∇u, ν) = 0 on ΓN (31)

if the equality ∫
Ω

fy dx =

∫
Ω

gu dx. (32)

holds true for every g ∈ L∞(Ω), where y stands for the variational
Vρ-solution of the adjoint problem

− div(ρAt(x)∇y) = g in Ω, (33)

y = 0 on ΓD ,
(
ρAt∇y , ν

)
= 0 on ΓN (34)



Regularity of Duality Solutions

Theorem 6.

Let ρ ∈ Ψ(r), r > N/2 be given, let Vρ be an intermediate space, and let
f ∈ Lp(Ω) for 1 < p < q∗. Then the duality Vρ-solution belongs to Ls(Ω)
with

s =
Npr

Nr − p(2r − N)
, (35)

where 1 < q∗

2
< s < q∗ whenever 1 < p < q∗, whereas

q∗ =
2rN

N(r + 1)− 2r
> 2 ∀ r > N

2
.

Theorem 7.

Let ρ ∈ Ψ(r), r > N/2 be given, and let Vρ be an intermediate space. Then,
for any function f ∈ L1(Ω), the BVP (10)–(11) admits a unique duality
Vρ-solution u such that

u ∈ Lq(Ω) for every q ∈
[
1,

Nr

N(r + 1) − 2r

)
. (36)



Collection of Regularity Results

Weight func-
tion ρ

Datum f The sort of
weak solutions

Regularity of the weak
solutions

1 ρ ∈ Ψ(1) f ∈ V ′
ρ Variational u ∈ Vρ

Vρ-solution

2 ρ ∈ Ψ(r), f ∈ Lp(Ω), Variational u ∈ Vρ ∩ L∞(Ω)
r > N/2 p > Nr

2r−N
Vρ-solution

3 ρ ∈ Ψ(r),
f ∈ Lp(Ω),

Variational unknown

r > N/2
p = Nr

2r−N

Vρ-solution

4 ρ ∈ Ψ(r) f ∈ Lp(Ω) Variational u ∈ Vρ ∩ Lm(Ω)

r > N/2 q∗ ≤ p < Nr
2r−N

, Vρ-solution m = Npr
p(N−2r)+Nr

q∗ = 2rN
N(r−1)+2r

5 ρ ∈ Ψ(r) f ∈ Lp(Ω) Duality u ∈ Ls(Ω)

r > N/2 1 < p < q∗ Vρ-solution s = Npr
Nr−p(2r−N)

6 ρ ∈ Ψ(r) f ∈ L1(Ω) Duality u ∈ Lq(Ω) ∀ q ∈
r > N/2 Vρ-solution

[
1, Nr

N(r+1)−2r

)
Table: Regularity results.



On Equivalent Representation of Degenerate Elliptic Equations

Perform the change of variable y(x) =
√
ρ(x) u(x).

Then

− div(ρA(x)∇u) = f in Ω, (37)

u = 0 on ΓD , (ρA∇u, ν) = 0 on ΓN (38)

transforms to

− div(A(x)∇y)−
1

4
Π(ρ) y =

1
√
ρ
f in Ω, (39)

y = 0 on ΓD , (40)

(A(x)∇y , ν) =
1

2
(A(x)∇ ln ρ, ν) y on ΓN (41)

with

Π(ρ) = (∇ ln ρ,A(x)∇ ln ρ) − 2 div (A(x)∇ ln ρ) .



Example

Let Ω be a ball BR(0) in RN centered at the origin with radius R.
Let ρ(x) = |x |2 and A(x) = I . Then the Dirichlet-Robin boundary
value problem (39)–(41) takes the form

−∆y − 3− N

2|x |2
y =

1

|x |
f in Ω, (42)

y = 0 on ΓD , (43)

∂νy =
1

|x |
y on ΓN . (44)



Hardy Inequality

For every y ∈ H1(RN), N ≥ 3, we have

y

|x |
∈ L2(RN) and λ∗

∫
RN

y2

|x |2
dx ≤

∫
RN

|∇y |2 dx , (45)

where the constant λ∗ = (N − 2)2/4 is optimal.

Theorem. (Vazquez,Zuazua, 2000)

Let Ω be an open bounded subset of RN , N ≥ 2. There there
exists a constant C (ω) > 0 such that for every y ∈ H1

0 (Ω; ΓD)∫
Ω

[
|∇y|2 − λ∗

y2

|x|2

]
dx ≥ C(Ω)

∫
Ω
y2 dx. (46)



Definition of Potential Weight Function

Definition.

We say that a weight function ρ belongs to the class of potential
functions if there exists a collection of distinct points
{x1, x2, . . . , xK} ⊂ Ω, with K ≥ 1, and positive values
{λ1, λ2, . . . , λK} and {λ′1, λ′2, . . . , λ′K} such that

− 1

K

K∑
i=1

λ′i
|x − xi |2

≤ 1

4
Π(ρ(x)) ≤ 1

K

K∑
i=1

λi
|x − xi |2

a.e. in Ω,

λi , λ
′
i ≤ λ∗ =

(N − 2)2

4
∀ i = 1, . . . ,K ,

(47)

where

Π(ρ) = (∇ ln ρ,A(x)∇ ln ρ) − 2 div (A(x)∇ ln ρ). (48)



Principal Lemma

Lemma.

Let ρ be a potential weight function in the sense of Definition ??. Then
the expression

∥u∥Π(ρ) :=

(∫
Ω

[
(∇u,A∇u) −

1

4
Π(ρ)u2

]
dx

)1/2

is equivalent to the standard norms of H1(Ω and H1
0 (Ω; ΓD).

Theorem 9.

If Ω ⊂ RN with N ≥ 3, ρ : Ω → [0,∞) is a potential weight, and f is
such that ρ−1/2f ∈ H−1(Ω), then the original BVP has a nonempty set
of weak solutions and just one of them can be represented in the form
u = y/

√
ρ, where y ∈ H1

0 (Ω; ΓD) is a unique solution of the BVP
(39)–(41).



Example

Let Ω be a ball in RN with N ≥ 3 centered at the origin, let k be
such that

(1−
√
2)(N − 2) ≤ k ≤ (1 +

√
2)(N − 2),

and let f = |x |k/2g in Ω, where g ∈ L2(Ω) is an arbitrary function.
Then ρ(x) = |x|k is such that ρ(x) is a potential functions,
however ρ ̸∈ Ψ(1) for N ≥ 4. In this case, the BVP

− div(|x|k∇u) = |x|k/2g in Ω, (49)

u = 0 on ∂Ω (50)

admits a weak solution that can be represented as follows
u = |x |−1/2y , where y ∈ H1

0 (Ω; ΓD) is a unique solution of

−∆y −
k2 − 2k(N − 2)

4|x|2
y = g in Ω, (51)

y = 0 on ∂Ω. (52)



Another Approach to the Regularity

−div(ρA(x)∇u) =
√
ρ f in Ω, (53)

u = 0 on ∂Ω, (54)

where ρ : Ω → [0,∞) is a given weight function, f ∈ Lp(Ω) with
p ∈ [1,∞).
The main idea is to pass to the study the BVP for a
non-degenerate elliptic equation with inverse-square potential, i.e.,

− div(A(x)∇y)−
1

4
Π(ρ) y = f in Ω, (55)

y = 0 on ∂Ω. (56)

Here, potential Π(ρ) is given by the rule

Π(ρ) = (∇ ln ρ,A(x)∇ ln ρ) − 2 div (A(x)∇ ln ρ) a.e. in Ω.



Main Theorems

Theorem 11.

Let Ω ∈ RN with N ≥ 3, and let ρ be a given potential weight
function. Then, ∀ f ∈ Lp(Ω) with p > N/2, the original BVP

admits a weak solution such that u(x) = y(x)√
ρ(x)

, where

y ∈ L∞(Ω) and ∥y∥L∞(Ω) ≤ C∥f∥Lp(Ω). (57)

Theorem 12.

Let Ω ∈ RN with N ≥ 3, and let ρ : Ω → [0,∞) be a given
potential weight function. Let f belong to Lp(Ω), with
2∗ := 2N/(N + 2) ≤ p < N/2. Then there exists a solution of
degenerate BVP, with the representation u = y/

√
ρ, such that

y ∈ Lm(Ω), with m = Np/(N − 2p), and

∥y∥Lm(Ω) ≤ C∥f|Lp(Ω).



Main Theorems

Theorem 13.

Let Ω ∈ RN with N ≥ 3, and let ρ : Ω → [0,∞) be a given
potential weight function. Let f ∈ L1(Ω). Then there exists a
weak solution such that u = y/

√
ρ, where y ∈ Lq(Ω) for every

1 ≤ q < N/(N − 2)q is a unique duality solution of (55)–(56)

Theorem 14.

Let Ω ∈ RN with N ≥ 3, and let ρ : Ω → [0,∞) be a given
potential weight function.Then, for every f ∈ Lp(Ω), with
1 < p < 2∗, there exists a weak solution u = y/

√
ρ, where

y ∈ LNp/((N−2p)(Ω) is the duality solution of (55)–(56).



That’s All!! Thank you for your attention

HAVE A NICE DAY


