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Dirichlet-Neumann Boundary Value Problem

—div(pA(x)Vu) =f in Q, (1)
u=0 on Ip, (pAVu,v)=0 on Iy. (2)

Main Assumptions

p(x) >0 ae in Q pel(Q), (3)
0Q=TyUrlp, (4)
(6, A(x)€) > alé?, |AKX)| <alforaa xcQ. (5)




Functional Framework
With a given weight p we can associate two weighted Sobolev

spaces:
(i) W017’p2(§2; I'p) is the set of functions y € Wol’l(Q; [p) for
which the energy norm

1

2
Iyl = (/Q (y>+ 1 |Vyl) dX)
is finite;

(i) H&’E(Q; p) is the closure of C>°(RN;'p) with respect to the
|-l =norm. |

Hy2(Q:Tp) € Wo (i Tp).



Assume that 1/p € L1(Q). Then the estimates

1
2
RS ( % dx) < VI Iyl (6)

1 1
2 2
/ \Vyldx§< / |Vy|2pdx) ( / pldx) < Clyll. ()
Q Q JQ

imply that Holjpz(Q; lp) and W&’;(Q; 'p) are complete with respect

to the norm
1
2 2 2
I¥llp = (/Q (y2+rIVyl?) dX) :

and

Hy2(Q:Tp) = LP(Q), W (QiTp) = LP(Q), VpelL2]



Definition 1. A weight p is regular if H (Q p) = &’5(9; Mp).
Definition 2. A weight p belongs to Ag if 3C > 0 such that

o (a1 foo) (31 [, ) <

Proposition 1. If p € A5 then H0 (Q p) = W&’/?(Q; D).




Counterexample
Weight function p € W(1) such that p ¢ A,, where

vio)={pe i@, e @)

B
Q=By(0) CRY, p(x)=|x <In %) with B>1,1<a<N

In this case

1 1 1 e
— pdx)(—/ —dx)wln—%ooas d — 0.
<|Bd| By |Bal JB, P d




Graphical interpretation

Wy (25 e Wy @) e @5




Let's assume that p € W(r) for some r > 1. Then, setting

q= ri_—'l it follows from the Holder inequality that

: F/(r+1) INT A\ M)
/ |Vuldx < </ |Vul?p dx) (/ <—> dx> .
Q Q Q \P

1
Since ||UHW01’§(Q;I'D) = (fo (2 + p|Vul) dx)2, it follows that

1,2/A.
lulwraairny < Cllullwpz gy ¥u € Woi (2 To)

and the following embedding is continuous

2r
r+1°

Wol,f(Q; [p) = Wy 9(QTp) with g=




Sobolev Embedding Theorem

The Sobolev embedding theorem says that if 1 < p < N, then
WP(Q) < L9(Q) with

— compact embedding for g € [1, p*), where ;% = % e

— continuous embedding for g = p*,

where p* = Np/(N — p) stands for the Sobolev embedding exponent.

Reformulated Version of Sobolev Embedding Theorem

Let r > 1 be a given value. Then setting g = 2r/(r + 1), we see that
1< g < N with N > 2. Therefore, if N(r + 1) > 2r, then

Wh9(Q) < L5(Q) with compact embedding for s € [1, g*) and with
continuous embedding for s = g* provided

2riN
N(r+1)—2r"

*

q:




Main Observation

Theorem 1. Let r > 1 be a given value. Assume that

1
peV(r)= {p cL}(Q),- € L'(Q)} :
p
Then the following embeddings are continuous

W2 (QiTp) = Wy 9(Q:iTp) — LY (Q)

with ¢* = N(%l’\)’ﬁr Furthermore, by the duality, we deduce:
_ . 2rN
LQ*(Q) — Wp 172(9; rD), with s = m,

and there exists C > 0 such that

1.2 /0.
”u“Lq*(Q) < C“ullw'l):i(g;ro)a Yue WO,p(Q' o).



On Equivalent Norms
Leonardi (1994)

Theorem 2. Let p € L}(Q) be a given weight such that
1/p € L"(Q2) with r > N /2. Then there exists a constant C > 0,
depending on N, Q, and p, such that

/Q|u|2 dx < C/Q |Vul?pdx, Yuce W&f(Q; Mp). (8)

v

Theorem 3. Let p € L}(Q) be a given weight such that
1/p € L1(Q). Then there exists a constant C > 0, depending on
N, Q, and p, such that

/Q\u\z dx < C/Q |Vul?pdx, Yuce H&'/%(Q; Mp). (9)

4




The main concept of weak solutions
Definition of a weak solution

Let p € W(r) with r > 1. Let f € W;l’2(Q; I'p). Then
ue Wol,f(Q; I'p) is a weak solution of

—div(pA(x)Vu) =f in Q, (10)
u=0 on Ip, (pAVu,v)=0 on [y, (11)

if Vo € C3°(2; T p) the integral identity holds

/Q (Vi AGIV) p o = (F, D) s opmiziaryy  (12)

v

Proposition 2. If the set Cg°(: Tp) is dense in Wy'2(Q: Mp),
then the weak solution of BVP (10)—(11) is unique.



The main concept of weak solutions

Definition of a variaational solution

Let p € W(r) for some r > 1, and Héf)(ﬂ; Ip) # W&f(ﬂ; Ip). Let
V, be an intermediate space, H(llf,(Q; ) CV, C W(l,fJ(Q; o).
Let f € (V,)'. We say that u € V,, is a V,-solution (or variational
solution) of (10)—(11) if variational equality

/Q(V‘Pa A(x)Vu) pdx = (f, 90>Wp‘l’z(Q;FD);W&’s(Q;FD) (13)

holds for each test function ¢ € V.
As a result, we arrive at the so-called energy equality

| (Vo AGVU) pax = (5, u)y v, (14)




Existence Issues

Lax-Milgram Lemma

Let p € W(r), r > N/2, be a given weight function. Let V), be an
intermediate space, Hé,’ﬁ(Q; p) CV, C W&f(Q; Ip). Let

f € (V,)’ be a given distribution. Then for each intermediate
space V/, the Dirichlet-Neumann BVP (10)—(11) admits a unique
variational solution such that

1/2
lullpo == (/Q |Vu|2pdx) <o Yl (15)

V.




L>°-Regularity Result in the Spirit of Stampacchia

Lemma (Stampacchia)

Let ¢ : R+ — Ry be a nonincreasing function such that

M1p(k)°

1p(h)<(h ek Vh>k>0,

where M >0, § > 1, and v > 0. Then (d) = 0, where

d" = Mi(0)° 12571

Theorem 4.

Let p € W(r) with r > N/2. Then, for every V, and f € LP(Q2) with
Nr

p > , a unique variational V/,-solution belongs to L>°(£2), and

2r — N
3 C > 0 such that

[ullee (@) < ClIf]lLe(e)- (16)




The Proof of L°°-Regularity Result

Since f € LP(Q) with p > 2rNrN and LP(Q) C L9-(Q) — V’, it

follows that f € Vg. Hence, 3 a unique variational V),-solution v € V.
Then, ¥V k > 0, we choose ¢ = Gi(u) as a test function, where

Gk(s) = s —max{—k,min {s, k}} = (|s| — k), sgn(s), VseR (17)

L e
/ v

Setting A = {x € Q: |u(x)| > k}, we obtain VGx(u) = G,(v)Vu




The Proof of L°°-Regularity Result

a \VGk(u)|2pdx§/ (VGi(u), A(x)V Gi(u)) pdx
Ak Ak

S/Q(VGk(u),A(x)Vu)pdx:/Qka(u) dx

:/ fGi(u) dx. (18)

Ak

Hence,

aC? . - /. . /e

5;(/ 1Ge(w))? dx) g(/ 7] dx) </ 1Ge(u)) dx) .
q Ak A Ak

This yields

. S21Ifl e (o) v a* _a*
Cr(u)|T dx < | =z | A= "7 (19)
Ak aly



The Proof of L°°-Regularity Result

We take h > k, so that Ay, C Ay, and Gi(u) > h— k on Ap. As a result,

(19) implies
. T
h— k) |AyS [ ——2 Ao 7. 20
( )|h( ) (20)
Then we can rewrite (20) as follows
My (k) _
'l/](h) S W, Where ’(/J(k) = |Ak|

Nr
Since the assumption f € LP(Q2) with p > 2

implies that
r—N

* * N
T _9 o1 vrs 2
g« P 2

it follows from Stampacchia Lemma that ¢(d) =0, i.e.,

u(x)| < d = C[f|l@ ae in Q



Comments to the classical Stampacchia theorem

If £ € LP(Q) with p > N/2, then

—div(A(x)Vu) =f in Q, (21)
u=0 on Ip, (AVu,v)=0 on Iy, (22)

admits a unique solution u € L*®(Q) N H3(Q; Tp).

Since
Nr > N VN >3 d Vr> N
—, > an r>—,
2r — N 2 2
it follows that the boundedness of variational solutions for
degenerate elliptic equations requires more regularity for the
function f.
In particular, if N = 3 then p > 3/2 in non-degenerate case,
whereas p > 6 with r = 2 in the degenerate case provided

p e V(2). )




On Higher Integrability of Variational Solutions

Let p and f be given functions with properties

peV(r) and f € LP(Q)
2rN Nr N (23)

<p< — and r>§.

ith Qu= —F—""—
" d N(r—1)+2r — 2r— N

Let H&’E(Q; p)CV, C Wol”;(Q; I'p) be an intermediate space. Then a
unique variational V/,-solution of Dirichlet-Neumann BVP (10)-(11)
belongs to L™(Q2) with

Npr

m = m7 (24)

where ¢g* < m < oo wheneve g, < p < 2rN%N’ and

ullim@) < ClIflie(q)- (25)




Sketch of the proof

Since LP(Q) C L9(Q) — V/, it follows 3 a unique u € V),
Then for a fixed kK > 0 and a given v > 1, we can choose
© = | Te(u)]?’ % Ti(u) as a test function in (12), where

Ti(s) = max{—k,min{s, k}}. VseR (26)




Sketch of the proof

(2’)/—1)/9(A(X)Vu,VTk(u))|Tk(u)\2w_2pdx = /Q f\Tk(u)|2W_2 T (u) dx.

Since Vu = V Ty (u) at those points where V Ty (u) # 0, it follows
a2y =1) [ VT | T pee
<(2v- 1)/Q(A(X)VT/<(U),VT}<(U)) | Tie(u) [~ pdx
< [ 1T o

Due to the representation |V Ti(u)|? |Tk(u)|* 2 = % |V | Ti(u)|7]?, the
previous relation can be rewritten as follows

W/Q\V|Tk(u)\w|2pdxSfﬂlfHTk(u)\h_l dx. (27)




Sketch of the proof

Using then the embedding

V, C Wp2 (@ o) — Wy (2 Tp) — LY ()

with ¢ = 2~ and ¢* = T -, we see that

2riN
r+1 r+1)—2
1/q
¢, ( [mr dx)
Q

1/2
( / |vm(u)|”|2pdx)
Q
. 1/q*
&</|Tk(u)|w dx) .
AVA

Y

Y

Then (27) yields

04(2"}/ _ 1)Cq2 / ~o* 2/q*
Lt ([ mre ax

, 1/p’
< 1l ( [Ty dx) . (28)

where p’ = p/(p — 1).

A




Sketch of the proof

Define v as the root of the equation vg* = (2y — 1)p’. Then

Then
P
2p—(p—1)q*’
and
2 _1
m at p
(L1l &)™ " < Clfllo,
Since
2 1. 1 with m=~qg* = Npr
g p m — ~ Nr—p(2r — N)
we finally obtain
ITk(u)lim@) < Clifll@), Yk >D0. (29)




Duality Solutions

Definition.

Let p € W(r), r > N/2 be given, and let f € LP(Q2) with
1<p<aqg.= ﬁ We say that a function u € L'(R) is a

duality V,-solution of the BVP

—div(pA(x)Vu) = in Q, (30)
u=0 on Ip, (pAVu,v)=0 on Iy (31)

/fydx:/gudx. (32)
Q Q

holds true for every g € L°°(2), where y stands for the variational
V,-solution of the adjoint problem

if the equality

—div(pA'(x)Vy) =g in Q, (33)
y=0 on Ip, (pA'Vy,r)=0 on Iy (34)

V




Regularity of Duality Solutions

Let p € W(r), r > N/2 be given, let V, be an intermediate space, and let
f € LP(R) for 1 < p < g«. Then the duality V,-solution belongs to L*(£2)
with

< — Npr
" Nr —p(2r — N)’

where 1 < % < s < q" whenever 1 < p < g, whereas

(35)

g il >2 vr> N

T TN 2 2

Let p € W(r), r > N/2 be given, and let V, be an intermediate space. Then,
for any function f € L'(R), the BVP (10)—(11) admits a unique duality
V,-solution u such that

Nr
q _ Wy
u € LY(Q) forevery q € {1, NG+ 1) Zr)' (36)

.




Collection of Regularity Results

Weight func- | Datum f The sort of | Regularity of the we
tion p weak solutions | solutions
1 peV(1) fev, Variational uev,
V/,-solution
2 p e V(r), f e LP(Q), Variational ueV,NL®(Q)
r>Nj/2 p> V/,-solution
3 peV(r), felr) Variational unknown
r>N/2 v V,,-solution
P=5 N
4 peV(r) f e LP(Q) Variational ueV,NL"(Q)
r>N/2 = < p <2 ,%I,’\L'N, V,-solution m= %
qx = N(r—r1)+2r
5 p € V(r) f e LP(Q) Duality ueL*(Q)
r>N/2 1< p<ags V/,-solution s = %
6 pEV(r) fell(Q) Duality ueliQ) Vqe
r>Nj/2 V,,-solution [1, W

Table: Regularity results.



On Equivalent Representation of Degenerate Elliptic Equations

Perform the change of variable y(x) = /p(x) u(x).

Then
—div(pA(x)Vu) =1 in Q, (37)
u=0 on Ip, (pAVu,v)=0 on Iy (38)
transforms to
div(ACX)Vy)—SM(p)y = - in Q (39)
— div(A(x —= =—f in Q
y a Py /P
y=0 on Ip, (40)
1
(ALVy,v) = 5 (A(x)VInp,v)y on Ty (41)
with
MN(p) = (Vinp,A(x)V Inp) — 2div (A(x)V Inp) .




Let Q be a ball Bg(0) in RN centered at the origin with radius R.
Let p(x) = |x|?> and A(x) = /. Then the Dirichlet-Robin boundary
value problem (39)—(41) takes the form

3—-N 1

Ay -2 Dy — 2 f inQ 42
e Y = (42)
y=0 on Ip, (43)

1
Oyy =—y on [y. (44)

x|




Hardy Inequality

For every y € HY(RN), N > 3, we have

2
e 12(RM)  and )\*/ yzdxg/ IVy[2dx,  (45)
RV [X] RN

x|
where the constant A, = (N — 2)?/4 is optimal.

Theorem. (Vazquez,Zuazua, 2000)

Let Q be an open bounded subset of RNV, N > 2. There there
exists a constant C(w) > 0 such that for every y € H3(Q; p)

2
Q |x|

dx > C(Q) / ydx.  (46)
Q

V




Definition of Potential Weight Function

Definition.

We say that a weight function p belongs to the class of potential
functions if there exists a collection of distinct points
{x1,%2,...,xx} C Q, with K > 1, and positive values

{A1, A2, ..., Ak} and {A\], N5, ..., N} such that

K K
1 N 1 1 Aj
__E:—l<,r| <_§ — L ae.in Q
Ki:l Ix —xi|2 = 4 (p(X))_K,'zl x — x; 2 a.€..In3z,
N — 2)2
)\,-,)\j-g)\*:u Vi=1,...,K,

(47)
where

N(p) = (Vinp,A(x)VInp) — 2div (A(x)V In p). (48)

v




Principal Lemma

Let p be a potential weight function in the sense of Definition ??. Then
the expression

o= ([ eren ] )

is equivalent to the standard norms of H(Q and H3(2;Tp).

.

Theorem 9.

If Q C RN with N >3, p: Q — [0,00) is a potential weight, and f is
such that p~/2f € H=1(Q), then the original BVP has a nonempty set
of weak solutions and just one of them can be represented in the form
u=y//p, where y € H}(Q;Tp) is a unique solution of the BVP
(39)-(41).




Let Q be a ball in RN with N > 3 centered at the origin, let k be
such that

(1-V2)(N -2) <k < (1+V2)(N-2),
and let f = |x|"/?g in Q, where g € L?(Q) is an arbitrary function.
Then p(x) = |x|* is such that p(x) is a potential functions,
however p ¢ W(1) for N > 4. In this case, the BVP
— div(|x|*Vu) = |x|?g in Q, (49)
u=0 on 0Q (50)
admits a weak solution that can be represented as follows
u=|x|71/2y, where y € H}(Q;Tp) is a unique solution of
k? — 2k(N — 2)
4[x|?
y=0 on 0. (52)

—Ay — y=g in Q, (51)



Another Approach to the Regularity

—div(pA(x)Vu) =+/pf in Q, (53)
u=0 on 09, (54)

where p : Q — [0, 00) is a given weight function, f € LP(Q2) with
p € [1,00).

The main idea is to pass to the study the BVP for a
non-degenerate elliptic equation with inverse-square potential, i.e.,
1

— diV(A(X)Vy)—ZI'I(p) y=1f in Q (55)
y=0 on 0Q. (56)
Here, potential (p) is given by the rule

N(p) = (Vinp,A(x)ViInp) — 2div(A(x)VInp) ae in Q.



Let Q € RN with N > 3, and let p be a given potential weight

function. Then, Vf € LP(Q2) with p > N/2, the original BVP

admits a weak solution such that u(x) = % where
p(x

y €L=(Q) and |lyllLe(e) < Cllfllro(e)- (57))

Let Q € RN with N >3, and let p: Q — [0, 00) be a given
potential weight function. Let f belong to LP(Q), with

2, :=2N/(N 4+ 2) < p < N/2. Then there exists a solution of
degenerate BVP, with the representation u = y/,/p, such that

y € L™(Q), with m = Np/(N — 2p), and

lyllLm@) < CliflLe(e)-

€




Let Q € RN with N >3, and let p: Q — [0, 00) be a given
potential weight function. Let f € L(R2). Then there exists a
weak solution such that u = y/,/p, where y € L9(2) for every
1<qg< N/(N—2)q is a unique duality solution of (55)—(56)

Theorem 14.

Let Q € RN with N >3, and let p: Q — [0, 00) be a given
potential weight function.Then, for every f € LP(2), with
1 < p < 2,, there exists a weak solution u = y/,/p, where
y € LNP/((N=2p)(Q) is the duality solution of (55)—(56).
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