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We consider the following semilinear parabolic problem

ou
E:Au+f(u), (t,x) e Qr=(0,T) x Q, )

Ulag =0, Ult=0 = Uo(x),

where u = u(t, x) is the unknown function, Q c R? is a bounded domain with
a sufficiently smooth boundary 0Q, A is the Laplace operator.
The nonlinear term f : R — R is continuous, with f(0) = 0, and satisfies

f(s)s< Cis°+Cs, SER, )

for some constants Cy, C> > 0.
In the phase space

X=Co(Q)={veCQ):v=00n0Q},

with the norm ||v||e = sup,cq |V(X)|, we seek an approximation of the mild
solution of (1), defined as a function u € C([0, T]; X) with u(0) = up, such
that vt € [0, T]

u(t)y = T(Huo + /t T(t— s)f(u(s))ds, (3)

where T(t) is a Co-semigroup of contractions generated by A in X.



We prove that such a solution exists (Theorem 1 below), but may be not
unique.

Our goal is to establish a theoretical result on the approximation power of
Neural Networks (NN) for the solution given by Theorem 1.

We consider NNs with a single hidden layer and N hidden units from the class

N d
wN = {V(t,X) R LR } v(t,x) = Za,'a' (907,'2‘—&— ZQ,',,'X]' + C,') }, (4)
i=1

J=1

where o is a nonlinear bounded smooth activation function, and
0 = {a;,0;,,ci} € R¥ are the NN's parameters which minimize the objective
functional (the L2-error):

ov
J(v) = HE —Av— f(V)HfZ(oT) + HV”fZ((O,T)xaQ) +1Iv(0,-) — UOHiZ(Q)'
(5)
Note that this functional is not defined on mild solutions of (1), but we can
directly compute J(v) for any v € WV. The smaller the value of J(v), the
better the corresponding function v approximates a solution of (1).



To justify the above procedure, we rely on the following key results:
@ the density of W = {Jy-, WY in C*(Qr) (Theorem 2 below),

@ the uniform approximation of f by C2-functions while preserving
property (2) (Theorem 3 below).

Our main results are as follows:
@ There exists vV ¢ WV such that

JWM)y =0 asN — cc. (6)
@ Ifasequence {v"} c W satisfies (6), then, up to a subsequence,
v s uin L2(Qr), 7)

where u is a mild solution of (1).



Theorem 1. (K., 2023) Assume that condition (2) holds. Then for every
r > 0 and every up € X with ||tp||o < r, there exists a mild solution of (1),
and for all t € [0, T]

lu(®)llee < R = R(r). (8)

Proof.

T(t) is a compact semigroup, F : X — X, F(u)(x) = f(u(x)) is continuous,
[Pazy] = for every up € X there exists a (local) mild solution on some
interval [0, ], with t; = t; () > O.

We now prove estimate (8), which guarantees existence on [0, T].

It is known [Haraux] that T(t) satisfies the following inequalities:

3C >0, a€(0,1), 6 € (3,1) such that
2 C
Vo € L5(R2), [IT()tolle < T lluoll .2,

C
Vuo € X, [IT(t)ollgren < 75 [[Uolloo,

aMm > 1, A >0 such that HT(t)HL(X.,X) < Me’”.



Now, let v = v(t, x) be a mild solution of the problem

{?{ =Av—pv+fve’)e ™

V]oa =0, V]i=o = Uo(X),

(10)

where 5 > 0. Such a solution also exists locally on [0, 7] due to [Pazy]. Then
u(t) = v(t) ”' is a mild solution of (1). Indeed,

v(t) = T(t)uo + /’[ T(t— s)(f(v(s)eﬂs)e‘ﬁs - ﬁv(s)>ds.
0
So, .
u(t) = T(t)e u +/ T(t — s) e® 9 (f(u(s)) — Bu(s))ds,
0

and the required result follows from the fact that T(t)e”! is the C, semigroup
generated by A + 3/in X. Therefore, it is sufficient to show the mild
solvability of (10) on [0, T].

Let us choose 8 > 2Cy. Then, forall t € [0, T] and all s € R,

(-Bs+f(se”)e P s< B+ CiP+Co< —Cis°+C <0, (1)

if |s| > M= max{(gf); 7 r}.



Using (9) we have that for mild solution v of (10), Vt € (0, 7],

t
V()| grea < Ct°||Uol|oo +/ Cs™° ||fi(t— s, v(t — 8))||oe ds <
0
(12)
1—6

< Ct™°||tollos + max [t v(£)llee,

1-6 s

where fi(t,v) = —Bv + f(ve’')e .

Lemma (mild vs weak, Ball, 1987) Assume that we consider problem

% = Au+ h,
Ulag = 0, U|=0 = U,
where h € [2(0, T; [3()), up € L3(2). Then u is a mild solution of (13) on

[0, T] if and only if u is a weak solution of (13) on [0, T], i.e.,
u € L2(0, T; H} (), u(0) = up, and for every v € H}(Q), n € C°(0, T)

/ (u(t) Lzmdt—f—/ (u(t), V) dt = /OT(h(t),v)LGdt.



Moreover [Temam], every weak solution of (13) is an absolutely continuous
function from [0, T] to L3(Q), and if up € HJ () then

ue C([0, T]; H3 () N L3(0, T; H*(Q) N H3 (), ur € L2(0, T; L2()).
Let us denote h(t, x) = fi(t, v(t, x)). Then
he L>=((0,7) x Q) c L3(0,7; [3(Q)).

Then v is a weak solution of the problem (13), and due to (12),
Viy € (0,7), v(fh) € H (), which means that

v e C([t, 7]; H3 () N L2(to, 7; HA(Q) N HY(Q)), wr € L3(t, 7; L2(Q)).

These regularity results allow us to apply the truncations [Stampacchia]: in
L2(Q2) we multiply (13) on (fo, 7) by

v—-M, v>M
—M — b puy 7
(v )+ {07 v < M.
We have
1d 2 2
5 gl (v = M)+llie + Ml (v = M)+ l2 (14)

< / fi(t, v(t, x))(v(t,x) — M) dx <0.
Q



Therefore, Vt € [ty, 7],

/(v(t, x) — M)7 dx < e‘”"/(v(to,x) — M) dx.

Due to the continuity of v : [0, 7] — X, we can pass to the limit as {, — 0 and
obtain from (14) vt € [0, 7],

/Q(v(t, x) — M)Z dx < e M /Q(uo(x) — M)Z dx.
But ||| < r < M, so
Vte[0,7], Vx € Q v(t x) <M.
Repeating the same arguments for (v — M)_, we get
Vte [0, T], v(t,x)>-M.
So, for u(t, x) = v(t, x)e’" we have the existence on [0, T] with the inequality
vte0,T] |lu(t)]e < R= Me".

The Theorem is proved.



We need some auxiliary approximation results.
We introduce the class
w=Jw" (15)

N>1

where WN was defined in (4).

Theorem 2. (approximation capabilities of NNs, Hornik, 1991) For every
e >0and u e C"3([0, T] x Q) there exists v € W such that

||U — VHCW’Z(ET) < Eo (16)

Theorem 3. Assume that f : R — R is continuous, f(0) = 0, and with some
C17 CZ 2 0
f(s) - s< Cis°+Co, VseR.

Then there exists a sequence {f, : R — R} of C* functions such that
f»(0) = 0, and B B
fa(s)-s < C1° + C2, VseR,

where positive constants Cy, C, do not depend on n, and

sup |fa(s) — f(s)] = 0 as n— oco. (17)
SER



Theorem 4. Assume that up € X N H} (). Then, for the functional J defined
in (5) and the set W defined in (15), we have:
there exists {vN} ¢ W such that

JWM)Y =0 asN— . (19)
Proof.
We consider the following auxiliary problem:
ou
— = Au+ fp(u), t,x) € Qr,
{ o (u) (t,x) € Qr 20
ulon =0, ul—o = ug(x),

where C*°-functions f, : R — R are taken from Theorem 3,
u§ € C3°(Q), uf — Upin X N HY(Q), and [|uf]| < F.

Since f, satisfies (2), it follows from [Ladyzhenskaya] that for every n > 1,
problem (20) has a unique classical solution u” € C'?(Qr), which is, of
course, also a mild solution.



Therefore, the functional

H——Av—fn( ol

+ VliEz (0,00
12(r) (omen (21)

+[Iv(0,-) — Ug”é(sz)
takes its minimal value 0 at v = u".

Moreover, due to Theorem 1 and Theorem 3, we have

~ <R
max [u"(B)lle < R (21)

where R > 0 does not depend on n.
For every v € C"3(Qr), maxicpo, 7 ||vV(1)|| < R, we have

2

(V) = J(V)| =

‘——Av—fn

H——Av—f V)

L2(Qr)
n2 2
+ |IV(0. ) = UBllEz @) — V(0. ) — thliFee|

=h+bh



h < 2[[vi = AV||2ap)llfa(V) = F(V)I 200+
+(I1 T2l 2cory + 1fFW 2@ ITa(V) = F(V) [l 20y
< My (Ivillzo i) + VIl ey + 1) 1Y) = F()liz(orys
I < 2|[v(0, )|,z ]|ug — uoll 2+
+(llugll 2 + lluoll 2)llug — woll.2

< Mel|lug — woll,z,
where constants M, M> depend only on R.



Now, let u” be the solution of (20). According to Theorem 2, there exists
N = N(n) > nand v" € WN® such that
[u" = V"l creayy < L’ (23)
" nL,Cy,
where L, = max;si<g |f2(S)], Cn = [[U"[| 012G,
In particular, we can assume that

sup [[V"(8)[lec < R
tel0,T]
Then

n n n C
[Jn(U7) = Jn(V7] = Un(V7] <

(24)

where C does not depend on n.
So,
[V < [n(v") = J(V)] + [n(VT)],

and due to (24), we need to prove that the first summand tends to zero.



From (22), (23) we deduce that
[n(V") = J(v")| < (25)
<M, (HuthLZ(o,T;L?) + HUHHLQ(O,T;HZ) +2> (V") = f(Vn)HLZ(oT) + Me||ug — Uol| 2.
According to (17),
[a(v") = F(v")l2apy — 0, 11— oc.

The inclusion uy € Hj(Q) implies the boundedness of {u} in Hj(Q).
This fact, together with the boundedness of {f,(u"(t, x))} in L3(Qr), implies
[Temam] that

{u"} is bounded in L?(0, T; H*(Q)),  {u/} is bounded in L*(Qr). (26)
Therefore, (24)—(26) imply (19). The Theorem is proved.



Remark. Note that the convergence J(v") — 0 does not directly imply
that v converges to a solution of (1) in any specific sense.

From the proof of Theorem 4 (see (23), (26)) we can see that the sequence
{vN} ¢ W in (19) satisfies the following property:

{v"} is bounded in L?(0, T; H*) andin L*(Qr). (27)
{v}'} is bounded in L*(Qr). (28)

Theorem 5. Assume that up € X N H{(Q), and that f : R — R satisfies (2)
and is locally Lipschitz.
Assume that {vN} c W satisfies (27), (28), and

JWY) >0 as N — . (29)

Then
v uin L3(Qr), (30)

where v is a mild solution of (1).



Proof.
From (29) we can deduce that every vV is a classical solution of the
initial-boundary value problem

% = AVV(t, x) + F(VN(t, X)) + IN(t, x), (t,x) € Qr,
vN(t, x)on = g"(t, x), (t,x) € (0, T) x 99, (31)

vN(t, X) =0 = v’ (),
where [V, gV, v} are C=-functions such that
N2 N2 N 2
117112 ap) + 1197 20,1y x00) + V0" — toll 2@y — O- (32)

Let u" be a solution of (31) with zero boundary conditions and zero
right-hand part, i.e.,

Moo =0 and N =0.
Such a solution exists in the mild sense by Theorem 1 and it is unique.

Vo' lloo <7 = sup [[t" (D)l < R(r).
te[0,T]
According to Lemma [Ball], u" is a weak solution of (31), and

v e Hy(Q) = u" e C([0, T]; Hy(Q)) N L2(0, T; H(Q) N Hy (),
uN e 130 T: L3(Q)).



1d
2dt
After applying Gronwall's Lemma, we have

WO + VU™ IE < Crllu™ (D] + CalQ (33)

{uM} is bounded in L*°(0, T; L(Q2)) N L2(0, T; Hy (),
(34)
{u}'} is bounded in L2(0, T; H~'(Q)).

(34) implies that, up to a subsequence, u" and u) converge weakly to some
functions u and u; in the corresponding spaces.
Moreover, the Compactness Theorem guarantees that, up to a subsequence,

uV(t) = u(t) weaklyin L2(Q)Vte]0,T],

W - u inl?Qr), and a.e.onQr. (35)

In particular
f(uV(t,x)) — f(u(t,x)) a.e.on Qr. (36)

{uM} is bounded in L>~(Qr) = {f(uM)} is boundedin L*(Qr).

f(uM) — f(u) weakly in L*(Qr).



Thus, we can pass to the limit in the equality

o Eg; :X) ¢(t, x) / Vit (t, X)VxC(t, x) = / f(uM(t, %)) (L, x), (1)

Qr ar

where ¢ € [2(0, T; H}(Q)), and obtain that u is a weak solution of (1).

Since up € Hj () N X and f(u) € L?(Qr), we deduce from Lemma [Ball] that
u is a mild solution of (1) in the space L.

(1) has a unique mild solution in X = u is a mild solution of (1) in X, and

N uoin 2(Qr)
Finally, let us estimate vV — u". Using the Green formula, we have

1d
2dt

/|g|\vau |+/\f ) — M)V u|+/v”\|v il

Using the boundness of {u"}, {v"} in L~(Qr) we have

IV = uMfe + V(Y = uM)E < (37)



IV — oMl < (38)

// gV - |+L/Hv V() |Eds + Cll M|z

Taking into account that (32) holds and {v" — u"} is bounded in L2(0, T; H?),
we deduce from (38) and the Trace Theorem [Temam] that

T t
1
SV O-u ()7 < K/IIQNIILZ(amHVN*UNHHHL/||VN(S)*UN(S)HfzdSJrCH/NHLz
0 0

t
<aV+1L / [vV(s) — u"(s)|[%=ds, where o — 0.
0
After applying the Gronwall Lemma and the Lebesgue Theorem we obtain

VNN =0 in L2(Qr).

The Theorem is proved



Numerical Experiments: we want to illustrate the following result

ou
:AU—FfU, t, x 607
{at (u) (t,x) € Qr 39
Uloa =0, Uli—0 = Up(x),

where up(x) > 0, # 0, fis locally Lipschitz, f(0) = 0,

f(s)s <0, |s| > coand — fis convex on [0, +c0).
Theorem 6. [N. Chafee, A. Haraux]
1) If f(0) < A1 then ||u(t)||oc — 0 @s t — oo;

2) If f'(0) > \q then ||u(t) — ||« — 0 @s t — oo, where ¢ is a unique
positive stationary solution of (39).

Let us put
Q=(0,2) x (0,2), f(s) = As — °, w(x,y) = B(2x — x*)(2y — y?).
Then Ay = %2 and we consider two cases:

A=0.1)\; and A= 10\s.
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