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Free identical quantum particles

identical — form a permutation group
representation

* Fermions — Pauli exclusion principle, Fermi-
Dirac statistics
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| Bose-Einstein condensation
(T<T,)
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Numerical parameters

Phase-space density:
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We need
1) High density
n~10" cm™

2) Low temperature

T~ 1uK ... 10nK
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How do physicists cool dilute gases to 100 nK?
Laser cooling Magneto-optical trap
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BEC - Hartree approximation

* L}’(7‘1,7‘2,...,7"N) = Y(ry) Ylry) ... Y(ry) —

product of single — particle functions
* For N- boson Hamiltonian (1D: Lieb-Liniger model, Bethe)

H = z ( hA, V(Ti)) + 2 go(r; —rj)

i<j

Single-particle functions satisfy the stationary 3D
Gross-Pitaevskii equation
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The Bose-Einstein condensation takes place in momentum
space and is marked by the sharp peak at zero velocity.

Rubidium BEC I Sodium BEC
June 1995 i Nov. 1995
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" Comell & Wieman group, JILA | Ketterle group, MIT

Velocity-distribution data of a gas of approximately two thousand rubidium-87
atoms. Left: just before the appearance of a Bose—Einstein condensate.
Center: just after the appearance of the condensate. Right: after further

evaporation, leaving a sample of nearly pure condensate. [Eric Cornell, Carl
Wieman, Wolfgang Ketterle, Nobel Prize 2001]
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Why atomic BECs are interesting?
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Applications: atomic lasers, quantum computers,
presise measuring instruments
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Vortices (topological states)
In BEC



Formation of vortices is ubiquitous
in physical systems




Quantum wave function - the
density is zero on the axis of vortex
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If C is a simply connected region, we apply
Stokes’s Theoremand V X v, =0
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C S

If C is multiply connected region, Stokes’s Theorem
Is invalid, and we have

Mrjg vedr = 2rhm, (m =0, £1,£2...)
C

The circulation is quantized! Topology!
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Vortices, as a hallmark of superfluidity, have been
experimentally demonstrated in atomic BECs

Vortex lattices in Bose—-Einstein condensates at different values

of the rotation rate observed by Ketterle’s group at MIT,
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Is it possible to stabilize both vortex ring and vortex
line in BECs?

(a) Skyrmion (b) Vortex ring-on-line
Ring component

A

|

Line component ]
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Hopfion (topological soliton) physically appears as the
result of simultaneous poloidal and toroidal flows
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Il. Paraxial optical beams

Propagation in axial z-direction of the
wave field envelope ¥ can be described
by nonlinear Schroedinger equation

Kivshar, Yu.S.; Agrawal, G.P. (2003). “Optical
solitons”. Amsterdam: Academic Press

Sulem, C.; Sulem, P.-L. (1999). “The nonlinear
Schroedinger equation”. New York: Springer-
Verlag.




Propagation in z-direction of the wave field
envelope ¥ in nonlocal media can be
described by NLSE:

0.V +A |V + 6OV =0

with nonlocal media response: O(7) = /R(‘T_"—’i‘“—-il)qu(?:inzdzrl.

Local limit Nonlocal limit
(“Accessible solitons”)
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Optical vortices

What is the spatial optical soliton?
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Optical vortices

“\“ Computer-generated hologram

c _

=~

Optical vortices are wave beams with

nonzero angular momentum @ Spiral phase
# Doughnut shape




Ill. Ultralight dark matter model
(quantum matter in the sky)

P.-H. Chavanis (2025). “A review of basic results on
the Bose-Einstein condensate dark matter model”.
Frontiers in Astronomy and Space Sciences. 12:
1538434,




Rotation curve: Messier 33
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Bullet cluster

3: Adapted image of Bullet Cluster (1E0657-56). The red population (intracluster medium) is from X-ray
observation and blue clump (dark matter) is revealed from the weaklensing mass map. Yellow and white blobs
are galaxies determined from optical measurement.




BEC Dark Matter. Motivation

® consists of ultralight bosonic particles in the state of Bose-Einstein condensate

® can resolve the small scale problems of the CDM model (missing satellite problem
and the cusp/core problem);

® can explain the rotation curves of dwarf and large galaxies.
® is successful at describing the large-scale structure of our Universe
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Gross—Pitaevskii—Poisson (GPP) equations
for the self-gravitating BEC core formed by ultralight bosons
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* total mass of the BEC core
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Gross—Pitaevskii—Poisson (GPP) equations
in dimensionless form
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where M is the mass of the solitonic core. 28




Thomas-Fermi approximation for solitonic core
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Solitonic core: variational approach

S-wave ansatz
,2

(r) = Ae” 27

vortex ansatz
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Stable vortex in Bose-Einstein condensate dark matter
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e We have found that while all multi-charged vortex states (s > 1) are unstable, a
single-charged vortex soliton (s = 1) and fundamental soliton (s = 0) are extremely
robust and survive during the lifetime of the Universe.
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All multicharged vortices s>1 are unstable with respect
to symmetry-breaking azimuthal instability.
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ULDM cosmological simulation
(very costly numerically)

Figure 2: A slice of density field of y DM simulation on various scales at z = 0.1. This scaled sequence
(each of thickness 60 pc) shows how quantum interference patterns can be clearly seen everywhere from
the large-scale filaments. tangential fringes near the virial boundaries, to the granular structure inside the
haloes. Distinct solitonic cores with radius ~ 0.3 — 1.6 kpc are found within each collapsed halo. The
density shown here spans over nine orders of magnitude. from 10! to 10% (normalized to the cosmic mean
density). The color map scales logarithmically. with cyan corresponding to density =< 10.




ULDIM galaxy simulation:
tubulence anvortices

Figure 1. Visualisation of the dependence of the soliton core and surrounding vortex-infilled turbulent halo on the repulsive boson
self-coupling g. Shown are volume rendering images of both density and vortices for (left) a non-self-interacting FDM halo (g/g. = 0) and
self-interacting ones with (middle) (g/g. = 0.6) and (right) (g/g. ~ 6), where g, [defined in Eq. (28)] is a characteristic self-interaction
strength determined from the solitonic core that demarcates the transition from weak to strong self-interaction. The white dashed and
dotted lines mark the core radius r. and transition radius r¢ respectively, extracted from the core-halo fit for the radial density profiles.
As the self-interaction strength increases from left to right, the core density decreases but there is no significant influence on the granule
size in the surrounding halo. This is because the density in the outer halo is too low for the self-interaction to have a significant impact
there. All halos are formed from the same initial spatial configuration of 10 randomly distributed Gaussians with slightly different masses
and widths set by the g = 0 virial theorem.



Hydrodynamic approach
Madelung transformation ¢ = |¢|exp (i0(x, 1))

continuity equation Euler equation

dv
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Smoothed hydrodynamics
(much less costly numerically)

discretization of Euler
equation — Lagrange eq.

Pi = Z 1 IVI_’I duz Z m; (— 2 ) VW;;

j I

discretization of density

E

P, = 2

smoothing kernel
r 1\’
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Key question: are vortex solutions in smoothed
hydrodynamics topologically protected?
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