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Free identical quantum particles

identical → form a permutation group 

representation

• Fermions → Pauli exclusion principle, Fermi-

Dirac statistics

𝑛 𝒑 =
1

𝑒(𝐸 𝒑 −µ)/𝑇+1
≤ 1

• Bosons → Bose-Einstein statistics

𝑛 𝒑 =
1

𝑒(𝐸 𝒑 −µ)/𝑇−1
- any positive number



Dependence on T

Fermi-Dirac distribution 
function        

Bose-Einstein distribution 
function        



Bose-Einstein condensation
(T< 𝑇𝑐)

• 𝑁 = 𝑉  
𝑑𝑛𝑝

(2π)𝑛
1

𝑒(𝐸 𝒑 −µ)/𝑇−1
(E(p)=

𝒑2

2𝑚
, µ≤0)

• BEC for µ=0 takes place only for n≥3

• 𝑇𝑐 = (
𝑁

𝑉ς(3/2)
)2/3
2πħ2

𝑚
- condensation temperature

• 𝑁0 = 𝑁 − 𝑉  
𝑑𝑛𝑝

(2π)𝑛
1

𝑒𝐸 𝒑 /𝑇−1
are condensed 

for T<𝑇𝑐



Numerical parameters



How do physicists cool dilute gases to 100 nK?

Laser cooling



BEC - Hartree approximation

• Ψ 𝒓1,𝒓2,…,𝒓𝑁 = ψ(𝒓1) ψ 𝒓2 …ψ 𝒓𝑁 −

𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑠𝑖𝑛𝑔𝑙𝑒 − 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠

• For N-boson Hamiltonian (1D: Lieb-Liniger model, Bethe)

𝐻 = 

𝑖=1

𝑁

−
ħ2Δ𝑖
2𝑚
+ 𝑉 𝒓𝑖 + 

𝑖<𝑗

𝑔δ(𝒓𝑖 − 𝒓𝑗)

Single-particle functions satisfy the stationary 3D 

Gross-Pitaevskii equation

(
ħ2Δ

2𝑚
+ 𝑉 𝒓 + 𝑔|ψ(𝒓)|2)ψ(r)=µψ(r)



The Bose-Einstein condensation takes place in momentum 

space and is marked by the sharp peak at zero velocity.
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Velocity-distribution data of a gas of approximately two thousand rubidium-87

atoms. Left: just before the appearance of a Bose–Einstein condensate.

Center: just after the appearance of the condensate. Right: after further

evaporation, leaving a sample of nearly pure condensate. [Eric Cornell, Carl

Wieman, Wolfgang Ketterle, Nobel Prize 2001]

http://en.wikipedia.org/wiki/Eric_Cornell
http://en.wikipedia.org/wiki/Carl_Wieman


Why atomic BECs are interesting?
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Applications:  atomic lasers, quantum computers, 

presise measuring instruments



Vortices (topological states)  

in BEC



Formation of vortices is ubiquitous
in physical systems
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Quantum wave function - the 
density is zero on the axis of vortex

If C is a simply connected region, we apply 

Stokes’s Theorem and

If C is multiply connected region, Stokes’s Theorem

is invalid, and we have

The circulation is quantized! Topology!
m
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Vortices, as a hallmark of superfluidity, have been 
experimentally demonstrated in atomic BECs

Vortex lattices in Bose–Einstein condensates at different values

of the rotation rate observed by Ketterle’s group at MIT.
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Is it possible to stabilize both vortex ring and vortex 

line in BECs?
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Hopfion (topological soliton) physically appears as the 
result of simultaneous poloidal and toroidal flows

Ω
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II. Paraxial optical beams
Propagation in axial z-direction of the

wave field envelope Y can be described

by nonlinear Schroedinger equation

Kivshar, Yu.S.; Agrawal, G.P. (2003). “Optical 

solitons”. Amsterdam: Academic Press

Sulem, C.; Sulem, P.-L. (1999). “The nonlinear 

Schroedinger equation”. New York: Springer-

Verlag.
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Propagation in z-direction of the wave field 

envelope Y in nonlocal media can be 

described by NLSE:

with nonlocal media response:

Local limit Nonlocal limit
(“Accessible solitons”)
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What is the spatial optical soliton?

Optical vortices
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Optical vortices are wave beams with 
nonzero angular momentum



III. Ultralight dark matter model
(quantum matter in the sky)

P.-H. Chavanis (2025). “A review of basic results on
the Bose-Einstein condensate dark matter model”.
Frontiers in Astronomy and Space Sciences. 12:
1538434.



Rotation curve: Messier 33



Bullet cluster
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𝑅𝐻𝑎𝑙𝑜 ≈ 287 kpc, 𝑀𝐻𝑎𝑙𝑜 ≈ 1.3 ⋅ 10

12𝑀⨀𝑅𝑐 ≈ 1 kpc, 𝑀𝑐 ≈ 6.4 ⋅ 10
10𝑀⨀



Gross–Pitaevskii–Poisson (GPP) equations
for the self-gravitating BEC core formed by ultralight bosons
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• density field

• total mass of the BEC core 
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Gross–Pitaevskii–Poisson (GPP) equations
in dimensionless form

Stationary spherically-

symmetric state:



Thomas-Fermi approximation for solitonic core
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Solitonic core: variational approach
s-wave ansatz vortex ansatz
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s = 1
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s = 4

s = 2

All multicharged vortices s>1 are unstable with respect 
to symmetry-breaking azimuthal instability.



ULDM cosmological simulation 
(very costly numerically)



ULDM galaxy simulation: 
turbulence and vortices



Hydrodynamic approach

Madelung transformation

continuity equation Euler equation

quantum potential



Smoothed hydrodynamics 
(much less costly numerically)

discretization of density 
discretization of Euler 
equation – Lagrange eq.

smoothing kernel 

Key question: are vortex solutions in smoothed
hydrodynamics topologically protected?



Thank you very much 
for attention!


