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Basics of the small-gain theory

ẋ1 = −x1 =⇒ x1(t) = x1(0)e
−t

ẋ2 = −x2 =⇒ x2(t) = x2(0)e
−t

now with inputs

ẋ1 = −x1 + u1 =⇒ x1(t) = x1(0)e
−t +

∫ t

0
es−tu1(s)ds

ẋ2 = −x2 + u2 =⇒ x2(t) = x2(0)e
−t +

∫ t

0
es−tu2(s)ds

Let u1 := a1x2 and u2 := a2x1 =⇒

ẋ1 = −x1 + a1x2

ẋ2 = −x2 + a2x1

Small-gain condition: |a1| · |a2| < 1 =⇒ GAS
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Basics of the small-gain theory

ẋ1 = f1(x1, x2) with |x1(t)| ≤ β1(|x1(0)|, t) + γ1(||x2||∞),

ẋ2 = f2(x1, x2) with |x2(t)| ≤ β2(|x2(0)|, t) + γ2(||x1||∞),

Small-gain condition: γ1(γ2(r)) < r , r > 0 =⇒ GAS

Here β ∈ KL and γi ∈ K∞

γi is continuous, strictly increasing and unbounded with γi (0) = 0
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Attracting sets, examples

Lorenz system
dx
dt = σ(y − x),
dy
dt = x(ρ− z)− y ,
dz
dt = xy − βz .

global attractor exists
for σ = 10, ρ = 28,
β = 8

3
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Attracting sets, examples

Elastic oscillator with dry fricion: F = −µ · sign(v)

Brick

Wall
Spring

{
ẋ1 = x2
ẋ2 = −kx1 − µ(x1, x2)

Global attractor is A = [−µ
k ,

µ
k ]
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Attracting sets, examples

Brick 1

Brick 2

Spring 1

Spring 2

Spring 3

Wall

What can be the global attractor Ã for this interconnection?
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Robustness of attractors

Definition 1 (Sontag and Wang 1996)

ẋ = f (x , u) is ISS wrt to a compact set A ⊂ Rn, if ∃ β ∈ KL and
γ ∈ K∞ such that ∀ x(0) ∈ Rn and ∀u ∈ L∞ we have

|x(t)|A ≤ β(|x(0)|A, t) ∨ γ(||u||∞), t ≥ 0. (1)

a ∨ b := max{a, b}

|x |A := infξ∈A{|x − ξ|}

L∞ the space of essentially bounded measurable functions

Note: u = 0 =⇒ A is invariant and globbaly attracting set.

A simple illustrative example of a systems ISS wrt A is

ẋ = x − x3 + u, A := [−1, 1], (2)
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Lyapunov characterization

ISS wrt A: |x(t)|A ≤ β(|x(0)|A, t) ∨ γ(||u||∞), t ≥ 0.

Lemma 2 (Sontag and Wang 1996)

ẋ = f (x , u) is ISS wrt A ⇔
∃ V : Rn → R+ and ψ1, ψ2, χ, α ∈ K∞ such that

ψ1(|x |A) ≤ V (x) ≤ ψ2(|x |A), x ∈ Rn (3)

|x |A ≥ χ(|u|) =⇒ V̇ (x , u) := ∇V · f (x , u) ≤ −α(|x |A). (4)

For ẋ = x − x3 + u and A := [−1, 1] let V (x) := |x |A, x ∈ R.
(13) holds with ψ1 = ψ2 = id,
(14) holds with χ(r) = r/2 and α(r) = r3 + 3r2 because

V̇ (x , u) = −|x |3A − 3|x |2A − 2|x |A + sign(x)u, x /∈ A. (5)
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Problem statement

Let
ẋi = fi (x1, x2, ui ), xi ∈ Rni , i = 1, 2. (6)

be ISS wrt Ai ⊂ Rn having an ISS-Lyapunov function

ψi1(|xi |Ai
) ≤ Vi (xi ) ≤ ψi2(|xi |Ai

), x ̸∈ Ai , i = 1, 2 (7)

|xi |Ai
≥ χij(|xj |) ∨ χi (|ui |) =⇒ V̇i (xi , ui ) ≤ −αi (|xi |Ai

), (8)

where ψij , χij , χi ∈ K∞ and αi is positive definite.
The interconnection (10) can be written as ẋ = f (x , u) with
x := (x⊤1 , x

⊤
2 )⊤, u := (u⊤1 , u

⊤
2 )

⊤,
f (x , u) := (f ⊤1 (x1, x2, u1), f

⊤
2 (x1, x2, u2))

⊤.

Question: is it ISS wrt some A? If yes, what can be A?
May be A = A1 × A2?
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Example for A ̸⊆ A1 × A2

ẋ1 = x1 − x31 + ax2, A1 = [−1, 1]

ẋ2 = x2 − x32 + ax1, A2 = [−1, 1].
(9)

a = 0 =⇒ A = A1 × A2,
a ∈ (0, 1) =⇒ we have following equilibrium points:

z1 =

(
0
0

)
,

z2,3 =

(
±
√
1− a

∓
√
1− a

)
,

z4,5 =

(
±
√
1 + a

±
√
1 + a

)
z4,5 ̸∈ A1 × A2
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Theorem 3

Given
ẋi = fi (x1, x2, ui ), xi ∈ Rni , i = 1, 2. (10)

ψi1(|xi |Ai
) ≤ Vi (xi ) ≤ ψi2(|xi |Ai

), x ̸∈ Ai , i = 1, 2 (11)

|xi |Ai
≥ χij(|xj |) ∨ χi (|ui |) =⇒ V̇i (xi , ui ) ≤ −αi (|xi |Ai

), (12)

if for some conctants c1, c2 > 1 holds

ψ12 ◦ χ12 ◦ c1ψ−1
21 ◦ ψ22 ◦ c2χ21 ◦ ψ−1

11 (r) < r , r > 0

then the interconnection is ISS wrt some A.

The proof is contructive and based on the next lemmas:
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Lemma 4

Let A ̸= ∅ be compact. Let for ẋ = f (x , u) ∃ V : Rn → R+ and
ψ1, ψ2, χ, α ∈ K∞ such that

ψ1(|x |A) ≤ V (x) ≤ ψ2(|x |A), x ∈ Rn (13)

|x |A ≥ χ(|u|) =⇒ V̇ (x , u) := ∇V · f (x , u) ≤ −α(|x |A), (14)

then this system is ISS wrt A.

Remark: It is sufficient to require α to be positive definite.

Lemma 5

Let V be ISS-Lyapunov wrt A for ẋ = f (x , u).
∀c ≥ 0 let Ã := {x ∈ Rn : V (x) ≤ c}. Then Ã ⊃ A and
ẋ = f (x , u) is ISS wrt Ã.
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Remark 6

∀ δ > 0 ∃ c > 0 in Lemma 5 so that

|x |A ≥ |x |Ã + δ, x ̸∈ Ã. (15)

This follows from the radial unboundedness of V .

Remark 7

A ⊂ B =⇒ |x |A ≥ |x |B and 0 ∈ A =⇒ |x | ≥ |x |A
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Lemma 8

For any compact A ⊂ Rn and c > 1 the ball Ã := {|x | ≤ cr
c−1}

with r := maxξ∈A |ξ| satisfies A ⊂ Ã and

c|x |A ≥ |x |, x ̸∈ Ã. (16)
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