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Xl = —X1
Xp = —Xp

now with inputs

Basics of the small-gain theory

t
= —xatu = x(t) = x(0)et +/ et 1y (5)ds
0
t
o= ot = x(t) = x(0)e +/ et up(s)ds
0
Let w1 :=a1xo and = axxy —
)'<1 = —X1 + a1x2
Xo = —Xo + axxq
Small-gain condition:  |a1| - |a2| < 1 = GAS
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= Alax)  with  ba(8)] < Al £) + 7 xellso),

Xo = h(x,x)  with ()] < Ba([x2(0)], t) +72([x1][0),
Small-gain condition:  ~1(y2(r)) <r, r>0 = GAS

Here 5 € KL and v; € Koo

~i is continuous, strictly increasing and unbounded with ~;(0) =0
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Lorenz Chaotic Attractor

Lorenz system

Z—’;=a(y—x),

d)

d_};:X(p_z)_yv z
%:xy—ﬁz.

global attractor exists
foroc =10, p=28,
B=¢
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Elastic oscillator with dry fricion: F = —p - sign(v)

Wil
Spring

{ )'(1 X2
Xp = —kx1 — p(x1, x2)

Global attractor is A = [ 4, &
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Spring 2

W3l

00000000000 000

Brick 2

Spring 1

(000000

Brick 1

Spring 3

What can be the global attractor A for this interconnection?
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Definition 1 (Sontag and Wang 1996)

x = f(x, u) is ISS wrt to a compact set A C R”, if 3 5 € KL and
v € K such that V x(0) € R" and Yu € Ly, we have

x(t)la < B(x(0)]a, t) V(llufloc), ¢ >0 (1)

aV b:=max{a, b}

[x[a = infeca{lx —¢[}
L~ the space of essentially bounded measurable functions
Note: t=0 = Ais invariant and globbaly attracting set.

A simple illustrative example of a systems ISS wrt A is
x=x—-x34u, A:=[-1,1], (2)
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ISS wrt A: Ix(t)]a < B(1x(0)]a, t) VA(||ul|c), t>0.
Lemma 2 (Sontag and Wang 1996)

x = f(x,u) is ISS wrt A &
4V :R" = Ry and 1,19, x, @ € Koo such that

Y1(lx[a) < V(x) < ¥2(lx[a), x €R” (3)

Xla > x(Ju]) = V(x,u):=VV-f(x,u) < —a(lx|a).  (4)

For x=x—x3+uand A:=[-1,1] let V(x) := |x|]a, x€R.
(13) holds with 41 = 1 = id,
(14) holds with x(r) = r/2 and «a(r) = r3 + 3r? because

V(x,u) = —|x[5 — 3|x|3 — 2|x|a +sign(x)u, x¢&A. (5)
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-3 =21
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Let
Xi = fi(x1, %, u;), xi € R, =12 (6)

be ISS wrt A; C R” having an ISS-Lyapunov function
VYin(Ixila;) < Vilx) < vinllxila), x g A, i=12 (7)

xila: = xi (1) v xi(luil) = Vilxi, ui) < —aillxila).  (8)

where ¥, i, Xi € Ko and «; is positive definite.

The interconnection (10) can be written as x = f(x, u) with
X = (xlT,szz_T, U= (ulT,legT)T, .
f(x,u) == (f; (x1, %2, u1), £ (x1, %2, u2))

Question: is it 1SS wrt some A? If yes, what can be A?
I\/Iay be A= Al X AQ?
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X1 = X1 — Xf + axp, A1 = [—1, 1]
X =x0— x5 +ax, Ar=[-1,1].

a= — A=A x Ay,
ae(0,1) = we have following equilibrium points:
y

245 & A1 X Az
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Given

xi = fi(x1,x2, uj), x € R" =12 (10)
vit(|xila;) < Vi(xi) < vin(|xila;), x €A, i=12 (11)
xila; = xi (1) v xi(luil) = Vi(xi, ) < —ai(lxila),  (12)

if for some conctants ¢, c; > 1 holds

-1 -1
P12 0 X120 €LYy O Y o Cox21 0Py (r) <r, r>0

then the interconnection is ISS wrt some A. )

The proof is contructive and based on the next lemmas:
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Let A+ () be compact. Let for x = f(x,u) 3V : R" — R, and
P1, V2, X, € Koo such that

Y1(lx[a) < V(x) < ¥2(lx[a), x €R” (13)

IXla > x(lul) = V(x,u):=VV-f(x,u) < —a(|x]a), (14)

then this system is ISS wrt A.

Remark: It is sufficient to require « to be positive definite.

Let V' be ISS-Lyapunov wrt A for x = f(x, u).
Ve >0 let A:={x €R": V(x) < c}. Then AD A and
x = f(x,u) is ISS wrt A.
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Remark 6

Vd>03dc>0inLemma 5 so that
Ix|a > |x|z+6, x¢&A. (15)

This follows from the radial unboundedness of V.

ACB = |x|la>|x|lpand 0 € A = |x| > |x|a
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Lemma 8

For any compact A C R" and ¢ > 1 the ball A = {|x| < il
with r := maxeca |€| satisfies A C A and

clxla > x|, x¢&A. (16)
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