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ma=F

m = (%) - k(x)

Denote x; = x and x» = x then

{ )'<1 = X2
X = —k(x1) — p(x2)

The trivial solution is GAS.
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Denote x; = x and x» = x then

{

The trivial solution is GAS.

ma=F

Motivating examples

Conclusions

2

3

Motion of a mass point along
y = x° with friction

mX = —p(x) — k(x)

X1

Xo =

= X

Xl = X2

—k(x1) — p(x) %o = — l‘ﬁé
1

The trivial solution is GAS.
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ma=F

mx = —p(x) — k(x) + u

Denote x; = x and x» = x then

{ X1 = Xo
X2 = —k(x1) — p(x2) +u

The trivial solution is not GAS.

2

3

o > X
Motion of a mass point along
y = x° with friction

(14 4x?)% 4 4xx® +2gx = u
)?1 = X2

_ 4x1x22
1+4x2

2gx1
1+4x2

Xy = +u

The trivial solution is not GAS.
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Let x = f(x,0) be GAS. What about x = f(x, u) for u € L.?

m 3 x(t) for all ¢?
m is x(t) bounded?
mouis"small" = x(t)is"small"?
] tILn;o u(t) =0 = tIer;OX(t) =07
For linear systems: YES. In general: NOT.

For input-to-state stable systems (ISS): YES.

Weaker notions exist.
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m oa: Ry — Ry is positive definite if a(r) =0 < r=0
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Denote R := [0, 00) and consider classes of continuous functions:

K L-function

pdf

m oa: Ry — Ry is positive definite if a(r) =0 < r=0

B o: Ry = Ry is of class £ if it is pos.def. and strict. increas.
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Denote R := [0, 00) and consider classes of continuous functions:

K L-function

pdf

m oa: Ry — Ry is positive definite if a(r) =0 < r=0

B o: Ry = Ry is of class £ if it is pos.def. and strict. increas.

ma:Ry — Ry isof klass K if @ € K and im a(r) = oo
r—oo

m a(r) =0

mo: Ry = Ry is of class L if it is decreasing, i
r—o0
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Denote R := [0, 00) and consider classes of continuous functions:

K L-function

pdf

(0%

Ry — Ry is of class L if it is decreasing,

m

: Ry — Ry is positive definite if a(r) =0 <&

im «
r—0o0

R+XR+—)R+ |f,8(,t)€/Cand B(r,)eﬁ
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7 is called locally asymptotically stable for x = f(t, x), if
m 1) is stable that is Ve 34:
1€(t0) — n(to)ll <6 = |I€(t) —n(D)ll <&, t=>to
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m 1) is stable that is Ve 34:
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7 is called locally asymptotically stable for x = f(t, x), if
m 1) is stable that is Ve 34:
1€(t0) — n(to)|| <6 = [l&(t) —n(t)l| <&, t=1o
m 7) is attractive, that is 3A = A(tp) :

lgte) =)l <& = fim [l&(6) = n(e)]| =O.

If A =o0, then 7 is called globally asymptotically stable (GAS).
4

Trivial solution of x = f(t,x) is GAS < 3 a Lyapunov function

Trivial solution of x = f(t,x) is GAS & 35 € KL with
x(2)] < B(Ix(0)], ¢).
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x = f(x) is GAS <« 3 € KL such that for any x(0) € R" it
holds

x(2)] < B(Ix(0)],t), > to.

Definition 3 (Sontag 1989)

x(t) = f(x(t), u(t)) is 1SS =
18 e KL dvy €K

vV x(0) € R" Vue Ly

() < B(Ix(0)], 1) +(llulloc), =0

Weeker notions: intergral ISS, local ISS, ...
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Definition 4 (Sontag 1989)

x(t) = f(x(t), u(t)) is ISS &
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Definition 4 (Sontag 1989)

x(t) = f(x(t), u(t)) is ISS &
18 e KL Jv€ K

Vv x(0) € R" Vuée Ly

x(®)] < B(x(0), ) + v (llulleo), £20

Gain

m solution 3 on [0, c0)
B(x(O)], ) w0 A

/_\ equilibrium at 0
k}\<’m‘“”w) m in particular £(0,0) =0
x(1)] - m [+ «— max{8,7}
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V:R"” - R>¢ is [ISS-Lyapunov function for x = f(x,u)
= 3¢17¢27 X OéEICOO

m i(lx]) < V(x) <¢o(lx]), xeR7,

B V) 2 x(ul) = YV F(x,u) < —a(V(x)).
x is called Lyapunov-Gain.
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Definition 5
V:R"” - R>¢ is [ISS-Lyapunov function for x = f(x,u)

= E|¢171/}2’ X O5EICC>O
@ Ga(lxl) < V() < allxl), x € R",

B V(x) > x(Ju) = VV()f(x,u) <—-a(V(x)).
X is called Lyapunov-Gain.

S

Theorem 6 (Sontag & Wang 1995)
x(t) = f(x(t),u(t)) isISS <= 3 ISS-Lyapunov function.
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Definition 7
m x = f(x,u) is called 0-GAS if u = 0 implies GAS
m x = f(x, u) has the asymptotic gain (AG) property if
Fy € Koot Timeyoolx(t)] < (]l ulloc)
m x = f(x,u) is called globally stable (GS) if
Fy,0 € Koo 1 [x(2)] < (x(0)]) + o(]]ulloo)
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Definition 7
m x = f(x,u) is called 0-GAS if u = 0 implies GAS
m x = f(x, u) has the asymptotic gain (AG) property if
Fy € Koot Timeyoolx(t)] < (]l ulloc)
m x = f(x,u) is called globally stable (GS) if
Fy,0 € Koo 1 [x(2)] < (x(0)]) + o(]]ulloo)

o < monoenie) = {55

The converse is also true: ISS < AG and 0-GAS
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Definition 7
m x = f(x,u) is called 0-GAS if u = 0 implies GAS
m x = f(x, u) has the asymptotic gain (AG) property if
Fy € Koot limemsoo|x(t)] < v(I]ulloo)
m x = f(x,u) is called globally stable (GS) if
Fy,0 € Koo = [x(8)] <A(1x(0)]) + o([]u]oo)

(B < BIxO) D+(lulle) = {'X“N < A(x(O). 0 if u=0

lime o0 |Xx(£)] < A([lulloo)
The converse is also true: ISS < AG and 0-GAS
Moreover, ISS < AGandGS
See Sontag and Wang TAC 1996 for more characterizations.
See also Griine (2002) for ISS < ISDS
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Theorem 8
x="f(x,u)isISS < Fa; €K, i =1,2,3,4 such that

ar(lx) < V(x) < aa(lx]), x€R”

V(x) < —a3(|x]) + aa(|u]), x €R", ueR™
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x="f(x,u)isISS < Fa; €K, i =1,2,3,4 such that

ar(lx) < V(x) < aa(lx]), x€R”

V(x) < —a3(|x]) + aa(|u]), x €R", ueR™

If « is only pos. def. then initegral ISS property follows so that

p(Ix(2)]) éﬂ(lXol,t)Jr/o Y(lu(s)l) ds,

for some p,v € Koo and g € KL
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I UNIVERSITAT  Equivalent characterization of the ISS LF

Theorem 8
x="f(x,u)isISS < Fa; €K, i =1,2,3,4 such that

ar(lx) < V(x) < aa(lx]), x€R”

V(x) < —as(|x|) + aa(Jul), x €R", ueR”

If « is only pos. def. then initegral ISS property follows so that

p(Ix(2)]) éﬂ(lXol,t)Jr/o Y(lu(s)l) ds,

for some p,v € Koo and g € KL
A more weaker property is local ISS:
ISS C iISS C 0-GAS C LISS
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Let the origin x = 0 be stable for the system

x=f(x), fA:R"—=R"
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Let the origin x = 0 be stable for the system
x=f(x), A:R"—=R"

Let the origin y = 0 be stable for the system
y=h(y), fH:R"—=R"

Let us interconnect them. How to do this?
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Let the origin x = 0 be stable for the system
x=f(x), A:R"—=R"

Let the origin y = 0 be stable for the system
y=h(y), fH:R"—=R"
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Let the origin x = 0 be stable for the system
x=f(x), A:R"—=R"
Let the origin y = 0 be stable for the system
y="h(y), HL:RT—=R",

Let us interconnect them. How to do this? ()~ ~f(-)

Let x = f1(x, u) be ISS. Let y = f(y, v) be ISS.

Sergey Dashkovskiy — Introduction to input-to-state stability 18/30



Preliminaries ISS for ODEs Interconnections  Small-gain theory

Julius-Maximilians-
UNIVERSITAT 1
I WORZBURE Interconnections
Conclusions

Let the origin x = 0 be stable for the system
x=f(x), fA:R"—=R"
Let the origin y = 0 be stable for the system

y="h(y), fH:R"—=R"

Let us interconnect them. How to do this? ()~ ~f(-)

Let x = f1(x, u) be ISS. Let y = f(y, v) be ISS.

(x.y) Is it stable?
Z(Xay)

[Jara]

Concider { )_<:
y e

=~h
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Two feedback coupled system

u

—_—

x1 = fi(x1, xo, u)

X2

X = fo(x1, X2, U)
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Two feedback coupled system

u_
x1 = f(x1, x2, u)
X2 X1
)-(2 - fé(X]_,XQ,U) u
Several interconnected systems
).(1 = fl(Xl,...,Xn,U) l 1 l‘iﬁ 23 }—»«{
Xn = fo(X1,...,Xn, U) [ %f — %5 -
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Two feedback coupled system

u
x1 = f(x1, x2, u)
X2 X1
X2 = fo(x1, X2, u) u
Several interconnected systems
)'(1 = fl(Xl,...,Xn,U) l > ri»j >3 }—’w
Xn = fo(X1,...,Xn, U) [y, 1 %f PR

Remark: cascades of ISS systems are always ISS ---
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x1 = fi(x1, x2, u)

X2 X1
xp = fo(x1, X2, U) u
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u_ ]
x1 = fi(x1, x2, u)

X2 X1
).<2 - f2(X17X27 U) u

pa(t)] < max {B1(lxa(0)], 1), v (lPxelloc) m(llulloc)}
pa(t)] < max {B2(x2(0)], 1), v2(llxelloc). m2(llulloc) }
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u_ ]
x1 = fi(x1, x2, u)

X2 X1
).<2 - f2(X17X27 U) u

pa(t)] < max {B1(lxa(0)], 1), v (lPxelloc) m(llulloc)}
pa(t)] < max {B2(x2(0)], 1), v2(llxelloc). m2(llulloc) }

Theorem 9 (Jiang, Teel, Praly 1994)

Vr>0 . () _ (Al xu))
mom(<r ~ X7 <Xz> ; (fz(Xl,Xz»U) = flou) 199
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3 i1, Yiz, X1, X2 € Koo
V1(X1) 2 max {Xl(VQ(Xg)), 71(\u\)} = VVl(Xl)fl(Xl,XQ, u) S —al(Vl)

Va(x2) > max {x2(Vi(x1)), n2(|ul)} = VVa(x)h(xi,x2, u) < —az(Va)
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JYi1, Yi2, X1, X2 € Ko
Vi(x1) > max {x1(Va(x2)), m(lu)} = VVi(xi)h(xi, xe, u) < —a1(Vi)

Va(x2) > max {x2(Vi(x1)), n2(|ul)} = VVa(x)h(xi,x2, u) < —az(Va)

Theorem 10 (Jiang, Mareels, Wang 1996)
Vr>0 . (x ° ~ (A(x,x,u)\
b o) < i = x:= <x2> = <f2(x1,X2, wy) = f(x,u) ISS

with ISS-Lyapunov function V(x1,x2) = max{co(Vi(x1)), Va(x2)}

0 € Koo auxiliary function.)
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Nnop<ld <=y <y’
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So —1

1

Nnop<ld <=y <y’
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52 —1

1=

Nnop<ld <=y <y’

Q1 s1>72(s)
Q5 >7(s5)

_ 10 2] (s _ (1) .
r(s) = [% 02} (S;) _ (;(;)) M:R2, - R2,
r#Id V0#52<2>€R220 & JjF 0 vi(si) < s
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)-(1 = fl(Xl,...,Xn,U) I 21 ri,i\ 23 }—»{
Xn = fu(x1,...,Xn,U) %, F—{ Y,

.?.¢. .?.¢.
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Consider

x1 = fi(xi,...,%n,u) L Y = ¥ f——
: Y12 Yn1 Yn3 e {
H

Xn = fa(X1,.. .y Xn, U) %, W %
with

i(e)] < max { Bi([x(0)1. £). max ([ glec). n(llullc)

and ;=0 or €Ky, and 7;:=0.
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max;_; 71(s;)
I Rgo — R%07 r(S) = .

max;_y Ynj(s;)

Theorem 11 (S.D., B. Riiffer, F. Wirth 2007)

M(s)Z2s VseRy, s#0 = x=f(x,u) ISS

Notation: x = (x/,...,x] )T and f = (f,...,f1)7

Remark: for x,y e R"ist x 2y < 3 with x; < y;.
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Theorem 12 (S.D., B. Riiffer, F. Wirth 2010)

Ms)zs VseR,G\{0} = do1,...,0p € Ko :

Vit>0: F(o(t) <o(t),  o(t) = (o1(t),...,0n(t))T
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Ms)zs VseR,G\{0} = do1,...,0p € Ko :

Vit>0: F(o(t) <o(t),  o(t) = (o1(t),...,0n(t))T

o(t)eQ:=NQ VvVt>0
i=1 R
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Let V; be an ISS-Lyapunov function for the i-th system:

Yin([xi]) < Vilxi) < via(lxil), X,'ERN"

Vil >Z><u ) +ilul) = Vilx) < —ai(Vi(x))

with = (xj)ij=t,..n, [ :R%H—>RL,
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I UNIVERSITAT ISS-Lyapunov function for networks

Let V; be an ISS-Lyapunov function for the i-th system:

Yin([xi]) < Vilxi) < via(lxil), X,'ERN"

Vil >Z><u ) +ilul) = Vilx) < —ai(Vi(x))

with T =(xj)ij=t,..n, [ :RLy— RL,

Theorem 13 (S.D., B. Riiffer, F. Wirth (2010))

() 2s  VseRL\{0} = V(x)=max{o;}(Vi(x))}

is ISS-Lyapunov function for x = f(x, u).
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Is h = h(t) bounded
for bounded u = u(t)?

'\_J\
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m ISS provides a robust stability framework for nonlinear
systems.

m ISS is a direct extension of the Lyapunov stability for systems
with inputs.
m It quantifies the influence of inputs on the systems behavior

m It is popular among engineers for nonlinear control design,
observer design, interconnected systems, etc.

m The ISS framework exists for ODEs, PDEs, systems with
delays, switched systems, impulsive systems, etc.

m There are almost no ISS works for systems on time scales
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