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Motivating examples

ma = F

mẍ = −µ(ẋ)− k(x)

Denote x1 = x and x2 = ẋ then{
ẋ1 = x2
ẋ2 = −k(x1)− µ(x2)

The trivial solution is GAS.
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mẍ = −µ(ẋ)− k(x)

Denote x1 = x and x2 = ẋ then{
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ẋ2 = −k(x1)− µ(x2)

The trivial solution is GAS.

Motion of a mass point along
y = x2 with friction

(1 + 4x2)ẍ + 4xẋ2 + 2gx = 0{
ẋ1 = x2

ẋ2 = −
4x1x22
1+4x21

− 2gx1
1+4x21

The trivial solution is GAS.
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Motivating examples

ma = F

mẍ = −µ(ẋ)− k(x) + u

Denote x1 = x and x2 = ẋ then{
ẋ1 = x2
ẋ2 = −k(x1)− µ(x2) + u

The trivial solution is not GAS.

Motion of a mass point along
y = x2 with friction

(1 + 4x2)ẍ + 4xẋ2 + 2gx = u{
ẋ1 = x2

ẋ2 = −
4x1x22
1+4x21

− 2gx1
1+4x21

+ u

The trivial solution is not GAS.
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Motivating questions

Let ẋ = f (x , 0) be GAS. What about ẋ = f (x , u) for u ∈ L∞?

∃ x(t) for all t?
is x(t) bounded?

u is ”small” =⇒ x(t) is ”small”?

lim
t→∞

u(t) = 0 =⇒ lim
t→∞

x(t) = 0?

For linear systems: YES. In general: NOT.

For input-to-state stable systems (ISS): YES.

Weaker notions exist.
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Comparison functions

Denote R+ := [0,∞) and consider classes of continuous functions:

pdf

K

K∞

L-function

α : R+ → R+ is positive definite if α(r) = 0 ⇔ r = 0

α : R+ → R+ is of class K if it is pos.def. and strict. increas.

α : R+ → R+ is of klass K∞ if α ∈ K and lim
r→∞

α(r) =∞

α : R+ → R+ is of class L if it is decreasing, lim
r→∞

α(r) = 0

β : R+ × R+ → R+ if β(·, t) ∈ K and β(r , ·) ∈ L
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Definition 1

η is called locally asymptotically stable for ẋ = f (t, x), if

η is stable that is ∀ε ∃δ:
||ξ(t0)− η(t0)|| < δ =⇒ ||ξ(t)− η(t)|| < ε, t ≥ t0

η is attractive, that is ∃∆ = ∆(t0) :

||ξ(t0)− η(t0)|| < ∆ ⇒ lim
t→∞

||ξ(t)− η(t)|| = 0.

If ∆ =∞, then η is called globally asymptotically stable (GAS).

Trivial solution of ẋ = f (t, x) is GAS ⇔ ∃ a Lyapunov function

Trivial solution of ẋ = f (t, x) is GAS ⇔ ∃β ∈ KL with
|x(t)| ≤ β(|x(0)|, t).
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Input-to-state stability (ISS)

Theorem 2

ẋ = f (x) is GAS ⇔ ∃ β ∈ KL such that for any x(0) ∈ Rn it
holds

|x(t)| ≤ β(|x(0)|, t), t ≥ t0.

Definition 3 (Sontag 1989)

ẋ(t) = f (x(t), u(t)) is ISS :⇔

∃β ∈ KL ∃ γ ∈ K∞

∀ x(0) ∈ Rn ∀ u ∈ L∞

|x(t)| ≤ β(|x(0)|, t) + γ(||u||∞), t ≥ 0

Weeker notions: intergral ISS, local ISS, . . .
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Input-to-State Stability (ISS)

Definition 4 (Sontag 1989)

ẋ(t) = f (x(t), u(t)) is ISS :⇔

∃β ∈ KL ∃ γ ∈ K∞

∀ x(0) ∈ Rn ∀ u ∈ L∞

|x(t)| ≤ β(|x(0)|, t) + γ︸︷︷︸
Gain

(||u||∞), t ≥ 0

-

6
β(|x(0)|, t))

|x(t)|
t

γ(||u||∞)

solution ∃ on [0,∞)

for u = 0 ∃ !
equilibrium at 0

in particular f (0, 0) = 0

β + γ ←→ max{β, γ}
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ISS-Lyapunov function

Definition 5

V : Rn → R≥0 is ISS-Lyapunov function for ẋ = f (x , u)

:⇔ ∃ ψ1, ψ2, χ, α ∈ K∞

ψ1(|x |) ≤ V (x) ≤ ψ2(|x |), x ∈ Rn,

V (x) ≥ χ(|u|) ⇒ ∇V (x) f (x , u) ≤ −α(V (x)).

χ is called Lyapunov-Gain.

Theorem 6 (Sontag & Wang 1995)

ẋ(t) = f (x(t), u(t)) is ISS ⇐⇒ ∃ ISS-Lyapunov function.
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Other characterizations of ISS

Definition 7

ẋ = f (x , u) is called 0-GAS if u = 0 implies GAS

ẋ = f (x , u) has the asymptotic gain (AG) property if
∃γ ∈ K∞ : limt→∞|x(t)| ≤ γ(||u||∞)

ẋ = f (x , u) is called globally stable (GS) if
∃γ, σ ∈ K∞ : |x(t)| ≤ γ(|x(0)|) + σ(||u||∞)

|x(t)| ≤ β(|x(0)|, t)+γ(||u||∞) ⇒
{
|x(t)| ≤ β(|x(0)|, t) if u = 0

limt→∞|x(t)| ≤ γ(||u||∞)

The converse is also true: ISS ⇔ AG and 0-GAS
Moreover, ISS ⇔ AG and GS
See Sontag and Wang TAC 1996 for more characterizations.
See also Grüne (2002) for ISS ⇔ ISDS
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ẋ = f (x , u) is called globally stable (GS) if
∃γ, σ ∈ K∞ : |x(t)| ≤ γ(|x(0)|) + σ(||u||∞)

|x(t)| ≤ β(|x(0)|, t)+γ(||u||∞) ⇒
{
|x(t)| ≤ β(|x(0)|, t) if u = 0

limt→∞|x(t)| ≤ γ(||u||∞)

The converse is also true: ISS ⇔ AG and 0-GAS
Moreover, ISS ⇔ AG and GS
See Sontag and Wang TAC 1996 for more characterizations.
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ẋ = f (x , u) has the asymptotic gain (AG) property if
∃γ ∈ K∞ : limt→∞|x(t)| ≤ γ(||u||∞)
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Equivalent characterization of the ISS LF

Theorem 8

ẋ = f (x , u) is ISS ⇔ ∃αi ∈ K∞, i = 1, 2, 3, 4 such that

α1(|x |) ≤ V (x) ≤ α1(|x |), x ∈ Rn

V̇ (x) ≤ −α3(|x |) + α4(|u|), x ∈ Rn, u ∈ Rm

If α is only pos. def. then initegral ISS property follows so that

ρ(|x(t)|) ≤ β(|x0|, t) +
∫ t

0
γ(|u(s)|) ds,

for some ρ, γ ∈ K∞ and β ∈ KL
A more weaker property is local ISS:

ISS ⊂ iISS ⊂ 0-GAS ⊂ LISS
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Interconnections

Let the origin x = 0 be stable for the system

ẋ = f1(x), f1 : Rn → Rn,

Let the origin y = 0 be stable for the system

ẏ = f2(y), f2 : Rm → Rm,

Let us interconnect them. How to do this? f ( · )⇝ f̃ ( ·, · )

Let ẋ = f̃1(x , u) be ISS. Let ẏ = f̃2(y , v) be ISS.

Concider

{
ẋ = f̃1(x , y)

ẏ = f̃2(x , y)
Is it stable?
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ẏ = f2(y), f2 : Rm → Rm,

Let us interconnect them. How to do this? f ( · )⇝ f̃ ( ·, · )
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Let ẋ = f̃1(x , u) be ISS. Let ẏ = f̃2(y , v) be ISS.

Concider

{
ẋ = f̃1(x , y)

ẏ = f̃2(x , y)
Is it stable?
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Modelling approach

Two feedback coupled system

ẋ2 = f2(x1, x2, u)

ẋ1 = f1(x1, x2, u)

�

-

-

� u

u

x2 x1

Several interconnected systems

ẋ1 = f1(x1, . . . , xn, u)
...

ẋn = fn(x1, . . . , xn, u)
6?
. . .

6?
. . .

Σ1

Σ2

Σ3

Σn
. . .

. . .

. . .
. . .

�

-�

�

-

6

? ?
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@R

Remark: cascades of ISS systems are always ISS
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Two feedback coupled system

ẋ2 = f2(x1, x2, u)

ẋ1 = f1(x1, x2, u)

�

-

-

� u

u

x2 x1

|x1(t)| ≤ max
{
β1(|x1(0)|, t), γ1(||x2||∞), η1(||u||∞)

}
|x2(t)| ≤ max

{
β2(|x2(0)|, t), γ2(||x1||∞), η2(||u||∞)

}
Theorem 9 (Jiang, Teel, Praly 1994)

∀r > 0
γ1 ◦ γ2(r) < r

⇒ ẋ :=

(
x1
x2

)·
=

(
f1(x1, x2, u)
f2(x1, x2, u)

)
=: f (x , u) ISS
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Lyapunov-Version

∃ ψi1, ψi2, χ1, χ2 ∈ K∞ :

V1(x1) ≥ max
{
χ1(V2(x2)), γ1(|u|)

}
⇒ ∇V1(x1)f1(x1, x2, u) ≤ −α1(V1)

V2(x2) ≥ max
{
χ2(V1(x1)), γ2(|u|)

}
⇒ ∇V2(x2)f2(x1, x2, u) ≤ −α2(V2)

Theorem 10 (Jiang, Mareels, Wang 1996)

∀r > 0
χ1 ◦ χ2(r) < r

⇒ ẋ :=

(
x1
x2

)•
=

(
f1(x1, x2, u)
f2(x1, x2, u)

)
=: f (x , u) ISS

with ISS-Lyapunov function V (x1, x2) = max{σ(V1(x1)),V2(x2)}

σ ∈ K∞ auxiliary function.
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Small-gain condition

γ1 ◦ γ2 < Id ⇐⇒ γ1 < γ−1
2

s1

s2

γ1

γ−1
2

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Ω1 : s1 > γ2(s2)

Ω2 : s2 > γ1(s1)
Ω1

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Ω2

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Γ(s) =

[
0 γ2
γ1 0

](
s1
s2

)
=

(
γ2(s2)
γ1(s1)

)
Γ : R2

≥0 → R2
≥0

Γ ̸≥ Id ∀ 0 ̸= s =

(
s1
s2

)
∈ R2

≥0 :⇔ ∃ j ̸= i : γi (si ) < sj
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Stability of n coupled systems

Consider

ẋ1 = f1(x1, . . . , xn, u)
...

ẋn = fn(x1, . . . , xn, u)

γ12 γn3γn1

γ2n

γ31

γ13

6?
. . .

6?
. . .

Σ1

Σ2

Σ3

Σn
. . .

. . .

. . .
. . .

�

-
�

�

-

6

? ?

@
@
@R

with

|xi (t)| ≤ max
{
βi (|xi (0)|, t),

n
max
j=1

γij(||xj ||∞), η(||u||∞)
}

and γij ≡ 0 or γij ∈ K∞, and γii := 0.
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The gain-Matrix

Γ : Rn
≥0 → Rn

≥0, Γ(s) =

maxnj=1 γ1j(sj)
...

maxnj=1 γnj(sj)


Theorem 11 (S.D., B. Rüffer, F. Wirth 2007)

Γ(s) ̸≥ s ∀ s ∈ Rn
≥0, s ̸= 0 ⇒ ẋ = f (x , u) ISS

Notation: x = (xT1 , . . . , x
T
n )T and f = (f T1 , . . . , f

T
n )T

Remark: for x , y ∈ Rn ist x ̸≥ y ⇔ ∃i with xi < yi .
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Topological property

Theorem 12 (S.D., B. Rüffer, F. Wirth 2010)

Γ(s) ̸≥ s ∀ s ∈ Rn
≥0 \ {0} ⇒ ∃σ1, . . . , σn ∈ K∞ :

∀ t > 0 : Γ(σ(t)) < σ(t), σ(t) = (σ1(t), . . . , σn(t))
T

σ(t) ∈ Ω :=
n⋂

i=1
Ωi ∀t > 0
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ISS-Lyapunov function for networks

Let Vi be an ISS-Lyapunov function for the i-th system:

ψi1(|xi |) ≤ Vi (xi ) ≤ ψi2(|xi |), xi ∈ RNi

Vi (xi ) ≥
n∑

j=1

χij(Vj(xj)) + γi (|ui |) ⇒ V̇i (x) ≤ −αi (Vi (xi ))

with Γ = (χij)i ,j=1,...,n, Γ : Rn
≥0 → Rn

≥0.

Theorem 13 (S.D., B. Rüffer, F. Wirth (2010))

Γ(s) ̸≥ s ∀ s ∈ Rn
≥0 \ {0} ⇒ V (x) = max

i
{σ−1

i (Vi (xi ))}

is ISS-Lyapunov function for ẋ = f (x , u).
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Concluding remarks

Is h = h(t) bounded
for bounded u = u(t)?
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Concluding remarks

ISS provides a robust stability framework for nonlinear
systems.

ISS is a direct extension of the Lyapunov stability for systems
with inputs.

It quantifies the influence of inputs on the systems behavior

It is popular among engineers for nonlinear control design,
observer design, interconnected systems, etc.

The ISS framework exists for ODEs, PDEs, systems with
delays, switched systems, impulsive systems, etc.

There are almost no ISS works for systems on time scales
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