Approximation of functional differential equations

A) Linear functional differential equations with delay.

Approximation scheme of differential-difference equations applies to the case of
the initial-value problem for linear functional differential equations of the form

X =3 A OXt—1,)+ TD(t,e)x(t +6)do, (2.1)

x(t) = p(t), telt, —7.t,]

We shall put in accordance with the initial problem (2.1) the Cauchy problem for a
system of ordinary differential equations

S A0z,0+ 700"z, 0
dz.(t (2.2)
CJI():m<Zj—1(t)_ (t)) =1m, te[to’T]
t T
2,(t) = oty ~ 0), j=0m, (2:3)
where |,- are uniquely determined by the inequalities
r(l; +1) j

t, — <t,—-7. <t,— .

m : m



Theorem 1. 1f A (t), k=0, p, D(t,0) - continuous matrix functions and

telt,, T] 6e[-7,0] thenthe following correlations are true

x(t—r?])—zj(t)—m, j=0,m, telt,,T] for m—co. (2.4)



B) Nonlinear differential-functional equations.

Let us consider the initial problem for the functional differential equation

dx(t)

= LEX)+Ex), tel0T],

XO = (D’ p 0
where T is positive constant,¢ € C; L(t,9) = Y A (¢(-7,) + [ D(t,0)p(0)d6 -
k=0 r

(2.5)

a linear functional which is most commonly applied as A (t), k=0, p,
NXN — matrix functions having continuous components if t [O,T](,
D(t,0), nxn - matrix function with continuous components d;; (t, &)
on the set of variables function on [0,T]x[-7,0], O<7 <7 <...<7, =7;
f =(f,... f,):RxC — R"is a continuous function which satisfies the Lipschitz

condition |f(t,¢)— f(t, @) <L|p -], L>0.

We shall put a system of ordinary differential equations in conformity with (2.5)



dz, (1)

=S A0z 0+ 500" "Ry 01165 2.0,

dt i—0 m i1 (2.6)
dz. (t '
58, 0-2,0), j=LmteoT]
2, =p(-2)), j=0m, (2.7)
me, _ 1’96[_1_7,_0—1)7}
where | =| —|, %= m m
3 0, otherwise.

Theorem 2. If A (t), k=0, p, D(t, &) — continuous matrix functions,
te[0,T], € <[-7,0], function f (t,®) is continuous and holds the Lipschitz
condition for @ then the following correlations for the initial problem solution
(2.11) and the Cauchy problem solution (2.6)-(2.7) are true

|| X(t—%)—zj(t) >0,j=0,m, te[0,T] as m—> .

6. Cherevko 1., llika S. Approximation nonlinear differential-functional equations / / Math.
methods and fiz. meh. field. - 2012. - 55, Ne 1. - P. 39-48.



Example.
Consider the initial problem

% =—1.5x(t) —1.25x(t —1) + x(t) sin x(t), t €[0, 3],
x(t) =10t +1,t €[-1,0].
Corresponding approximating system of ordinary differential equations has

the form
dz(;t(t) =-1.57,(t) -1.25z,, (t) + z,(t) sin Z, (t),

dz (t)
dt
2,0 =" 1 j-om
m

=m(z, ,()-2,0), j=1m,

Figure 1 contains results of numerical experiments of calculating Z, (t)
when m = 8, 16, 32, using the first order Gear difference scheme. To
compare the obtained values we provide a solution x(t) of the initial
problem, found in [7] using the block method of the fourth order.

Cryer C.W. Numerical methods for functional differential equations // Delay andF unctional

7.
Differential Equations and their Applications. — Academic Press, New York, 1972. — P. 17-101.
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lll. Application.

A) Finding quasi-polynomial roots.
Consider the system of differential equations with a delay

X'(t) = Ax(t) + Bx(t — 7), (3.1)
where A, B — matrices of nxn, xeR", 7>0.
A quasi-polynom for (3.1) has the form
D(A) :‘A—/lE+ Be_;”‘ ~0. (3.2)

According to the scheme (1.3), an approximating system of ordinary differential
equations corresponds to the system (3.1)

Yo (t) = Ayy(t) + Bym (1), (3.3)
Vi () = u(¥; (O -y, (1)),
where i=1m, ,u:g.
Characteristic equation of the approximating system (3.3) has the form
A-E 0 0 0 B
uE  —(u+A)E 0 0 0
0 LE —(u+A)E .. 0 0
ym(A) =] .. =0 (3.4)
0 0 0 . 0 0
0 0 0 . —(u+A)E 0
0 0 0 LE —(u+A)E




Lemma 1 [8]. The following equality for the characteristic equation of the

approximating system is true
m

¥ (1) =|A-AE+—~ —B|(p+ )™ (3.5)
(+4)
Lemma 2. If 4eZisfixed then a sequence of functions
¥ (1)
H (1)=—"""-, meN 3.6
o) (u+A)™ (5:6)

converges to the quasi-polynom (3.2),as m — o

Remark : H, (1) approximates the quasi-polynomial (3.2), asmM — . This property
can be used to approximate the non-asymptotic roots of (3.2). Since zeros of
functions Y¥,(4) and H,(4) converge, according to (3.6), roots of the
characteristic polynomial (3.5) can be used as approximate values of non-
asymptotic roots of (3.2).

8. L.A.Piddubna, I.M.Cherevko Approximations of differential-differencee quations and calculations of
nonasymptotic roots of quasipolynomials // Revue d’-analyse numerique et de theorie de
I'approximations. — 1999. — Vol. 28,N1. — P. 15 -21.



Consider the linear system with delay

dx(t) <&
& _ D AX(t-17), (3.7)
A 5
where X R", A,i=0,k -matricesof NXN, O0=7,<7<...<7 =7
Quasi-polynomial for the system (3.7) has the form
Kk

®(1) =det(AE - > Ae™™). (3.8)

We shall put in correspondence to (3.7) a system of ordinary differential

equations [9-10]
B0 5 Az, 0.1, -

dzi (t)
dt
There is a valid relation to the characteristic equation of (3.9) [9]

_ N A M mn 3.10
¥, (4) =det(AE ;A(wﬂ) Y+ A)™ (3.10)

(3.9)

= (2,0 -7 (0), i=1m u ="

9. Cherevko I.M, Matvij O.V. On the approximation of systems with delay and their stability // Nonlinear
Oscillations. - 2004. - 7, Ne 2. - P.2008-2016

10. llika S.A., Piddubna L.A., Tuzyk I. I., Cherevko I.M. Approximation of linear differential-difference
equations and their application// Bukovinian Mathematical Journal. -2018.- 6, Ne 3-4. - P. 80-83.



In [9] it was shown that the sequence of functions

Ho(2) = —ntt)
(1+4)

e N (3.11)

converges to (3.8) while M —» o0, This property can be used to approximate
the non-asymptotic roots of (3.8). Since zeros of functions ¥, (1) and H_ (1),
converge, according to (3.11), roots of the characteristic polynomial (3.10) can

be used as approximate values of non-asymptotic roots of the quasi-polynomial
(3.8).



High-precision approximation scheme

In practice, the application of these results proved to be difficult, because
the satisfactory accuracy of the approximation of non-asymptotic roots of
guasi-polynomials was achieved if the dimension of the approximating
system ~100 and above, which means that you need to find the roots of
polynomials of this degree.

We present a scheme for approximating the non-asymptotic roots of
guasi-polynomials of high accuracy, which allows to achieve the same
accuracy as in the scheme (3.9) by approximating systems of a much
smaller dimension.



Then the scheme of approximation of increased accuracy for equation (3.7)
has the form

dt
dz; (t)
(Ijt = Zm+j (t)’

dzm+ i (1)
— =224 (0= 25(0) |- 2z, 0,

. im
le,m,yzm,li :{T'—]meN.
T T

k
B0l _ Azy (1) + D Biz (1),
i—1




Lemma 3. The following relation holds for the characteristic polynomial of
approximation system

Do, (4) = det((A— AE)(L+ %)(“ j_nf] "
|

K At AT o AT AT \nm
DB D050 )™

Forafixed Ae€Z a sequence of functions
D2m+1 (/1)

ATy 2Ty
m 2m
coincides with the quasi-polynomial when M — o,

H, (1) = meN

1+



Example 1. Consider the equation
B _ 1)+ x(t—0.5)+ x(t—1)

The quasi-polinomial has the form
0.5 A

A=1+e %4 474,
The real root of the quasi-polynomial with the largest real part is found by the method
of division in half, equal to A =1.6361

We perform the is an approximation according to the classical scheme of high
accuracy and find the approximation of the quasi-polynomial root with the largest real
part of the characteristic equations. The results of calculations for different m are given

-

in the table 1, where ,ﬂ.krj-- I1s an approximation according to the classical scheme of

approximation, and A i -1s an approximation according to the scheme of high accuracy.

THERESULTS OF THE APPROXIMATION OF THE ROOT OF A QUASI POLYNOMIAL

+
m A'Tl .-"!:Hl ‘lm‘: .-‘!:”cl Ijtn._-
4 16361 1.7263 0.0902 1.6464 0.0103
10 16361 1.6741 0.0380 1 6382 0.0021
18 16361 16575 00214 16378 0.0017

Table 1 shows that the approximation of the high-precision scheme is much more

efficient than the approximation of the classical scheme.




B) Investigation of the stability of systems with a delay
It is known that a necessary and sufficient conditions for stability of solutions of
linear systems with delays is placing its quasi-polynomial roots in the left half-plane
of the complex variable A.

The direct test of this criterion in practice is difficult, so it is better to consider
various other sufficient conditions for stability, which are easier to check.
Consider the approximation schemes [1-2] to study the stability of the system

X'(t) = Ax(t) + Bx(t — 7). (3.12)

We shall put in correspondence to (3.12) an approximating system of ordinary
differential equations

Yo () = Ayy(t) + Bym (1),
Vi (1) = u(yj 4 () =y, (1)),

(3.13)

where i=1m, ,u:%.



Theorem 3 [9]. If zero solution of the system (3.12)
IS exponentially stable (unstable) then there s

such m,>0t

nat the zero solution of system (3.13) Is

exponentially stable (unstable) when m=>m,

If zero so
(unstable)

ution of (3.13) Is exponentially stable
when m>m, , then zero solution of

(3.12) is also exponentially stable (unstable).



STABILITY STUDY ALGORITHM

It follows from Theorem 3 that the asymptotic stability or instability of the solutions
of the delayed linear equations and the corresponding approximating system of ordinary
differential equations for sufficiently large values of m are equivalent.

This fact will be used to study the stability of linear differential-difference equations.
The algorithm of this study is as follows:

1) For linear differential-difference equations we build a corresponding system of
linear differential equations.

2) Find the characteristic equation of the approximating system of linear differential
equations.

3) The resulting log will be reduced to a form convenient for finding its roots on a
computer.

4) With the help of specialized software we find the roots of the characteristic equation
of the approximating system and their location determines whether it is stable.

5) Applying Theorem 3, we conclude that the original differential equation with delay
1s stable or ypstable For linear differential-difference equations we build an approximating
system of linear ordinary differential equations.



For quasi-polynomial approximation of the second order difference-differential
equation system (3.12) we obtain a characteristic polynomial

2

2 2
oo (M . m m m o m m (m
\Pm(/l):SZ ’ (_j +5° 1(_311__322__2'(_j )"‘32 (a8, +a11_+a22_+(_j —8,a;,) +
T T T T T T T

. m m, . m m
+S l(_bzz ? — by, ?) +5" (ay;b,, + by, ? +bpa,, +by ? —ayby, —a;b, ) +byb,, —b,b,,

(3.14)
which is convenient for numerical root finding on the computer.

Calculating the approximate roots of the quasi-polynomial (3.14) with different 7,
we can estimate the upper value of the delay 7, for which the system (3.12) is
stable.



Example 2. Numerical experiments show us that system
& o A+ B,
dt

where xe R, 4 B-2x2 are fixed matrices, r > 0, with matrices

A=/—0,9 -6,5] =/-l,39 —0,65]
(48 -0,9) 0,48 -1,39)
The system will be asymptotically stable [11]:
1) atm =100, when 1 € (0, 71) U (12, 13), when 11 = 0,2740, 12 =0,8035, 13 = 1,3980;
2) at m =400, when t € (0, 1) U (12, 13), when 11 =0,2720, 12 =0,8310, 13 = 1,2299;
3) atm = 500, when t € (0, T1) U (12, 13), when 11 =0,2718, 12 =0,8330, 13 = 1,2290;
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Fig. 1. Schedule of solutions of a linear system with delay.

The system will be asymptotically stable at the dimension of the approximating
system m = 500, for the following values of delay 7:7€(0.7)u(7,.73), where

r;=0,2718, r, =0,8330, 73 =1.2290.



C) Building stability region

Consider the linear differential-difference equation with delays
dx(t) <
%+Zbk><(t—fk)=0, (3.15)
k=1

where b, eR, ke{l,2,...,n}, O<7, <7, <...<7, =T.

Let in the equation (3.15) delays 7, are rational positive numbers. If we make
linear substitution of independent value, then it is possible to achieve another
linear equation which corresponds to the characteristic equation of the form:

A=ae+aet+...+ae™. (3.16)
Theorem 4 [10]. The region of stability of equation (3.16) is bounded.

Remark. The region of stability of equation (3.15), where 7, are positive
rational numbers is bounded

Lemma 3 [10]. If the vector (a,a,,...,8,) belongs to the region of stability
eguation (3.16), thena, +a, +...+a, <0.

10. Cherevko I., Klevchuk 1., Pernay S. Building of stability regions of linear differential-difference
equations / / Adv. Academy of Sciences of Ukraine. - 2012. - Ne 7. - P. 28-34.



As an example, consider a linear differential equation with two delays
dx(t)

T:al(’[—m)+az(’[—n), (3.17)

where {a,a,}< R, m,n— are natural numbers

From Theorem 4 and Lemma 3 we get that the stability region of equation
(3.17) in the plane of the parameters al, a2 is contained in a limited polygon

la, |-l <7, Ila e "—la,le" |<Va’ +1, a+a, <O0.

We cover this area with a net of points (ay.&;;),1€{0.1,..., p}, ] €{0,1.....k}.{n,k} = N.

For every point (a,,, alj) we have a linear equation with a delay of the form
(3.17).

The results of numerical experiments for m = 1, n = 2, are shown on the
fig.2, where stability regions is the shaded part of the plane.



Fig. 2



V. Examples

For automation of the roots of quasi-polynoms using the algorithms described in
Section 2 we used the mathematical package MATHCAD. Using function Polyroots in
this package we define the root of polynoms and thus obtain the approximation of
nonasymptotic roots with corresponding equations.

Example 1. X' (t) = 2x(t) + x(t -1). (4.1)

The characteristic quasi-polynom has the form 1 =2+e*. (4.2)

We provide an approximation of equation (4.1) by a system of ordinary differential
equations, roots of the characteristic equation whose roots are approximate quasi-
polynom (4.2).

Table 2 shows the approximate values of the roots of equation (4.2)

for different m.

Table 2
A z 4
m
Red | ImA4 Re 4, Im 4, Re 4, Im A,
3 2.193 0.0 -2.297 -1.66 -2.297 1.66
23 2.13 0.0 -1.916 -3.595 -1.916 3.595
43 2.126 0.0 -1.819 -3.764 -1.819 3.764




Example 2. x'(t) = Ax(t) + Bx(t — 1),

-2 1 0 1 (4.5)

where A= , B= , 7=0.2
2 —-25 -1 1

A characteristic polynom is of the form

W, (A) =2 + A45-e°% )+ 3+ (-3+e0%)e "%, (4.6)

10 1 10 /

\ . //
\
f(0) \.\\

-10 A 10



Table 4 contains the approximate values of the roots of equation (4.6), which are
arranged by decreasing of real parts of the roots for different m, the dimension of
the approximating system to equation (4.5).

Table 4
A4 4 s
m
Re 4, Im 4, Re 4, Im A, Re 4, Im A,
3 -0.3 0.0 -2.464 0.0 -10.537 | 5.439
23 -0.3 0.0 -2.526 0.0 -14.191 | 12.779
35 -0.3 0.0 -2.529 0.0 -14.382 | 13.418




Example 3.
X1(t) = X, (t) —0,7x, (t — 7), (4.7)
X2 (t) =1,9%, (t) — 0,5, (t) — 2, (t — 7).

In [11] it was described a simple sufficient condition for stability of (3.1)

forall h e [O,T]

Theorem 5 [11]. The system (3.1) is stable for any delay if the following
conditions are correct:

a) the matrix A + B is stable;

b) performed matrix inequality:

(I + jo(A+B))(l — jo(A+B))—7°B'B>0, VYw=0. (4.8)

In [11] the upper limit of the delay for which the stored stability system (4.7)
according to Theorem 5 is given by the relation 7, <0,405.

Applying the approximation scheme of differential-difference equations and
Theorem 3 we obtain [12] that the maximum delay in which to stored the system
stability (4.7) 7, <0,81.

11. Barkin A. Stability of linear delay systems // Automation and telemehanika. - 2006. - Ne 3. - P.3-7.

12. Matvij O., Pernay S., Cherevko I. Stability of linear systems with delay / / Science. Visn. Czern.
Univ: Mathematics . - 2008. -P.61-65.



Example 4.

Consider a linear differential equation with two delays

9%2:_%a—a®—qa—ﬂﬂ,

where {a,,a,}<R.

The results of numerical experiments at different steps of approximation grid
h were obtained in Mathcad and are shown on figures 3 and 4. The region of
stability is a shaded part of the plane.

13. llika S.A., Matviy O.V., Piddubna L.A., Cherevko I.M. Approximation of differential-
functional  equations and their application // Bukovinian Mathematical Journal. — 2014.-- 2, Ne
2-3. - P. 92-96.

14. Cherevko I., Tuzyk 1., llika S., Pertsov A. Approximation of Systems with Delay and
Algorithms for Modeling Their Stability. 2021 11th International Conference on Advanced
Computer Information Technologies ACIT’2021, Deggendorf, Germany, 15-17 September 2021.

P. 49-52.
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Example

To demonstrate the applicability of the developed stability analysis algorithm, we consider a
model example involving a third-order linear delay system

d’;—(tt)=Ax(t)+B(t—r), (12)
1 135 -1 59 71 -703
A=|-3 -1 2|, B=| 2 -1 5 | (13)
2 -1 —4 2 0 6

The system (12) has been studied in [11], where a generalized D-decomposition method was
applied. This method is based on approximating the characteristic quasi-polynomial by a
rational polynomial, which is obtained by replacing transcendental terms with a finite number of
terms from their series expansions.

As a result, it was shown that system (12) exhibits exponential stability for the following two
ranges of the delay parameter t:

1) 0 <t < 0.1624,
2) 0.1859 < T < 0.222.

11. Olgac N., Sipahi R. An exact method for the stability analysis of time-delayed linear time invariant (LTI)
systems. IEEE Transactions on Automatic Control, 2002. Vol. 47. P.793-797.



Let us apply the methodology developed in this paper to analyze the exponential
stability of the system (12).

It is necessary to investigate the distribution of the roots of the quasi-polynomial
D(A) = |[AE — A— Be™%7|.
of the system (12) depending on different values of the delay parameter t.

The corresponding approximating system of ordinary differential equations,
formulated according to equation (6), takes the following form

dzy(t
Zolt) = Azy(t) + Bz, (1),
dt
(14)
dz;(t) _ m
] — . —_— . | — = —
T —,u(z]_l(t) Z](t)), j=1m, w=-_ m € N.
The characteristic polynomial of the approximating system (14) is given by
AE — A 0 —B
—ukE  (u+ VDE .. 0
Y1) = 0 —uE 0
0 0 (u+ AE




according to equation (10), this expression can be rewritten in the compact form

+A m
=0 (15)

Let perform the substitution 4 = u(s — 1) and evaluate the determinant in equation
(15), where the matrices are defined as

a1 4dqp Qg3 bi1 b1z by3
A=|0az1 QA az3]|, B =|by1 by, by

a31 a32 a33 b31 b32 b33

¥, (1) = |2E - A - BCEO™|

As a result, it obtained the following expression for the characteristic polynomial

m3 3m3 m? 3m3 2m? m
g3m+3 3m+2 3m+1
S) = — S + A |+ s + A +—A, | +
m( ) < 3 2 1) < 3 2 1 T 2)
3 2 2 2
—m m m m 2m m
+s3™M +—A4;, ——A; + Az | —s*™2—B; + s ——B, +—C
<T3 2t 72 3) T2 Tz vt

2
+Szm (I:_ZB]‘ — %Cl —+ Cz) + Sm+1%32 + sm (_%BZ + 63) + B3. (16)



The coefficients in equation (16) are defined by the following relations

Ay = aqgq +azp +ass, Ay = aq1a;; +(agq + azz)ass — az1a13 — Az3a3; — Az1042,
Az = —011022033 — Q12033031 — Q21032013 + A31Q13027 + A32023011 + A1012033,
By = b1 + by + b33, By = (byy + byz)bss — b3ybyz — bybas — baybyy,
B3 = —by11by3b33 — b12b23b31 — by1b32b13 + b31b13b2p + b3aba3biq + ba1bipbss,
C1 = (b11 + baz)asz + (agq + azz)bss + agqba; + biiaz, — (aszbas + bszazs) —
—(az1b12 + by1a12) — (az1byz + b3iay3),
C; = —(b11a3;2 + ba2a11)a33 — A11A22b33 — A12a23b31 — (@12b23 + byzaz3)asy —
—Q31033b13 — (az1b3; + by1a32)a13 + ag3as31by; + (azibiz + bsasz)az, +
+a32a23b11 + (agzbys + b3zaz3)aqy + azqai2bss + (az1byz + byyagz)ass,
C3 = —(b11a32 + baza11)b33 — byybyzass — (agzby3 + by1az3)bsy — bygbyzasy —
—(az1b3z + by1a3)byz — byibszaqs + (azibyz + b31ag3)byy + b3ibyzas, +
+(azzba3 + b3paz3)byg + bszbyzagg + (azgbiz + ba1agz)bss + byibyzass.



To carry out numerical experiments for finding the roots of the characteristic
polynomial (16) for various values of m and T, it was used the Python
programming language, which offers a range of libraries for scientific computing.
Specifically, in this case, the roots function from the NumPy library was used to
compute the polynomial roots based on the given coefficients.

The results of the numerical experiments confirm that the delay system (12)
exhibits two distinct intervals of the delay parameter t within which the zero
solution remains exponentially stable. Furthermore, the boundaries of these
intervals were refined through the approximation process.

For the approximating system with dimension m = 1000, the regions of
exponential stability were identified as:

T € [0;0.16271) U (0.18545; 0.22295).

To provide a clear visual representation, the figure below illustrates the
dependency of the largest real root of the polynomial (16) on the delay
parameter t, computed for m = 1000.



To provide a clear visual representation, the figure below illustrates
the dependency of the largest real root of the polynomial (16) on the
delay parameter t, computed for m = 1000.

Figure 1: Graph of the dependence of the value of the largest
real part of the roots of the characteristic equation (16) on 7.



Evaluation of the influence of delay on the stability of
solutions of linear equations with delay

Consider a linear System with Delay

d
=0 = Agx(t) + XK, A x(t — 1)) (17)
Corresponding System Without Delay
d
0 _ Ao+ Ty A) x(0) (18)

Theorem 3. [17, 18] If the zero solution (18) is asymptotically stable, then there
exists a constant A > 0 such that under the condition O < 1 < A the zero solution of
the system with delay (17) is also asymptotically stable.

17. Yuanxun Qin, Lion-quing, Lian Wang. Effect of time lags on stability of dynamical system. Scientica
sinica, 1960, 10 (6), 26-42.

18. Khusainov D. Ya., Yunkova E.A. Estimation of delay value in linear differential systems with deviating
argument. Ukrainian Mathematical Journal, 1983, 35 (2), 261-264.



The first estimates of the value A were established in [17] for a system of linear
differential-difference equations. If we have a scalar differential-difference equation

dx(t)
dt

= Ax(t) + Bx(t

A= )‘miu(c) 2 (”A” T HBH) “HB”_l ()‘min(H)/)‘lllzlx(H))l/2] .

A = (2(|]A|+ |B|) |HB|)™ ",



Example. Find the maximum value of the delay t at which the zero solution of the
differential-difference equation with delay
dx(t)
dt
will be exponentially stable.

At T = 0 we obtain the linear differential equation

= 0.25x(t) — 0.5x(t — 1) (22)

dx(t) _
= 0.25x(t)
which is obviously exponentially stable.
According to estimate (19) we obtain
1
A = e =02,

10 max(0.25,0.5)

According to estimate (20) we obtain
8

Ay ==
9



Applying to equation (22) the classical approximation scheme (6), we obtain

([,:(]([) . ”
y” T azo(t) + bzn(t), (23)
az , . _— m
= (2 (t) — 2(8) . = L,m,p=—
dt ]
The characteristic equation of the system (23) has the form
According to estimate (20) we obtain
: . ‘ /\T o 24
W.n(A) = (a— A) (l + ) + b =0, (24)
(1

The characteristic equation of the system (23) has the form

which, by replacing s = 1 +A1/m, reduces to the equation

g™l — (l + 1(1) s — Lb = 0; (25)

n I



At m = 70 we obtain that the stability of equation (22) is preserved at

The exact value of the quantity A, at which the stability of solutions of equation
(22) is preserved, was found by the D-decomposition method and equals

AT = 2.4184.

The given example demonstrates that the application of approximation
schemes of differential-difference equations allows us to more accurately
estimate the upper limit of the delay for which exponential stability is
preserved.



Thank you for your attention!




