
Approximation scheme of differential-difference equations applies to the case of 

the initial-value problem for linear functional differential equations of the form
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We shall put in accordance with the initial problem (2.1) the Cauchy problem for a 

system of ordinary differential equations
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Approximation of functional differential equations

А) Linear functional differential equations with delay.



Theorem 1. If - continuous matrix functions and

then the following correlations are true
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В) Nonlinear differential-functional equations.

Let us consider the initial problem for the functional differential equation
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where T is positive constant,                                                                                –

a linear functional which is most commonly applied as

– matrix functions having continuous components if

– matrix function with continuous components

on the set of variables function on

is a continuous function which satisfies the Lipschitz 

condition
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We shall put a system of ordinary differential equations in conformity with (2.5)
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Theorem 2. If – continuous matrix functions,

function             is continuous and holds the Lipschitz 

condition for then the following correlations for the initial problem solution 

(2.11) and the Cauchy problem solution (2.6)-(2.7) are true
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Example.

Consider the initial problem
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Corresponding approximating system of ordinary differential equations has 

the form
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Figure 1 contains results of numerical experiments of calculating 

when m = 8, 16, 32, using the first order Gear difference scheme. To 

compare the obtained values we provide a solution x(t) of the initial 

problem, found in [7] using the block method of the fourth order.
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Differential Equations and their Applications. – Academic Press, New York, 1972. – P. 17-101.
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III. Application.

А) Finding quasi-polynomial roots.

Consider the system of differential equations with a delay

),()()(  tBxtAxtx (3.1)

where – matrices ofBA, .0,,  nRxnn

A quasi-polynom for (3.1) has the form
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According to the scheme (1.3), an approximating system of ordinary differential 

equations corresponds to the system (3.1)
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Characteristic equation of the approximating system (3.3) has the form
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Lemma 1 [8]. The following equality for the characteristic equation of the 

approximating system is true
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converges to the quasi-polynom (3.2), as m



Remark : approximates the quasi-polynomial (3.2), as . This property 

can be used to approximate the non-asymptotic roots of (3.2). Since zeros of 

functions           and converge, according to (3.6), roots of the 

characteristic polynomial (3.5) can be used as approximate values of non-

asymptotic roots of (3.2).
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Consider the linear system with delay
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Quasi-polynomial for the system (3.7) has the form
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We shall put in correspondence to (3.7) a system of ordinary differential 
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There is a valid relation to the characteristic equation of (3.9) [9]
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converges to (3.8) while              . This property can be used to approximate 

the non-asymptotic roots of (3.8). Since zeros of functions and

converge, according to (3.11), roots of the characteristic polynomial (3.10) can 

be used as approximate values ​​of non-asymptotic roots of the quasi-polynomial 

(3.8).

In [9] it was shown that the sequence of functions
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In practice, the application of these results proved to be difficult, because

the satisfactory accuracy of the approximation of non-asymptotic roots of

quasi-polynomials was achieved if the dimension of the approximating

system and above, which means that you need to find the roots of

polynomials of this degree.
100

We present a scheme for approximating the non-asymptotic roots of

quasi-polynomials of high accuracy, which allows to achieve the same

accuracy as in the scheme (3.9) by approximating systems of a much

smaller dimension.

High-precision approximation scheme



0
0

1

2
1

( )
( ) ( ),  

( )
( ),

( )
2 ( ) ( ) 2 ( ),

1, , , , .

i

k

i l
i

i
m j

m j
j j m j

i
i

dz t
Az t B z t

dt

dz t
z t

dt

dz t
z t z t z t

dt

mm
j m l m N

 




 






 

 



    

 
    

 



Then the scheme of approximation of increased accuracy for equation (3.7) 

has the form
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Lemma 3. The following relation holds for the characteristic polynomial of

approximation system





B) Investigation of the stability of systems with a delay

It is known that a necessary and sufficient conditions for stability of solutions of 

linear systems with delays is placing its quasi-polynomial roots in the left half-plane 

of the complex variable    .

The direct test of this criterion in practice is difficult, so it is better to consider 

various other sufficient conditions for stability, which are easier to check.



Consider the approximation schemes [1-2] to study the stability of the system
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We shall put in correspondence to (3.12) an approximating system of ordinary 

differential equations
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Theorem 3 [9]. If zero solution of the system (3.12)

is exponentially stable (unstable) then there is

such that the zero solution of system (3.13) is

exponentially stable (unstable) when .

If zero solution of (3.13) is exponentially stable

(unstable) when , then zero solution of

(3.12) is also exponentially stable (unstable).
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STABILITY STUDY ALGORITHM



For quasi-polynomial approximation of the second order difference-differential 

equation system (3.12) we obtain a characteristic polynomial
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which is convenient for numerical root finding on the computer.

Calculating the approximate roots of the quasi-polynomial (3.14) with different , 

we can estimate the upper value of the delay   , for which the system (3.12) is 

stable.


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C) Building stability region

Consider the linear differential-difference equation with delays
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Theorem 4 [10]. The region of stability of equation (3.16) is bounded.

10. Cherevko I., Klevchuk I., Pernay S. Building of stability regions of linear differential-difference 

equations / / Adv. Academy of Sciences of Ukraine. - 2012. - № 7. - P. 28-34.

Let in the equation (3.15) delays are rational positive numbers. If we make 

linear substitution of independent value, then it is possible to achieve another  

linear equation which corresponds to the characteristic equation of the form:
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Remark. The region of stability of equation (3.15), where      are positive 

rational numbers  is bounded
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As an example, consider a linear differential equation with two delays
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where                                 are natural numbers   

(3.17)

1 2{ , } , ,a a R m n 

From Theorem 4 and Lemma 3 we get that the stability region of equation

(3.17) in the plane of the parameters a1, a2 is contained in a limited polygon
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We cover this area with a net of points   

For every point we have a linear equation with a delay of the form 

(3.17).
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The results of numerical experiments for m = 1, n = 2, are shown on the 

fig.2, where stability regions is the shaded part of the plane.
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IV. Examples

For automation of the roots of quasi-polynoms using the algorithms described in  

Section 2 we used the mathematical package MATHCAD. Using function Polyroots in 

this package we define the root of polynoms and thus obtain the approximation of  

nonasymptotic roots with corresponding equations.

Example 1. ).1()(2)('  txtxtx (4.1)

The characteristic quasi-polynom has the form .2   e (4.2)

We provide an approximation of equation (4.1) by a system of ordinary differential

equations, roots of the characteristic equation whose roots are approximate quasi-

polynom (4.2).

Table 2 shows the approximate values of the roots of equation (4.2)

for different m.

1 2 3

1Re 1Im 2Re 2Im
3Re 3Im

Table 2

3.764-1.819-3.764-1.8190.02.12643

3.595-1.916-3.595-1.9160.02.1323

1.66-2.297-1.66-2.2970.02.1933

m



Example 2. ),()()(  tBxtAxtx

(4.5)
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Table 4 contains the approximate values ​​of the roots of equation (4.6), which are 

arranged by decreasing of real parts of the roots for different m, the dimension of 

the approximating system to equation (4.5).

Table 4

1 2 3

1Re 
1Im 2Re 2Im

3Re 3Im

13.418-14.3820.0-2.5290.0-0.335

12.779-14.1910.0-2.5260.0-0.323

5.439-10.5370.0-2.4640.0-0.33

m



Theorem 5 [11]. The system (3.1) is stable for any delay if the following 

conditions are correct:

a) the matrix A + B is stable;

b) performed matrix inequality:

In [11] it was described a simple sufficient condition for stability of (3.1) 

for all

.81,02 

.405,01 
In [11] the upper limit of the delay for which the stored stability system (4.7) 

according to Theorem 5 is given by the relation

Applying the approximation scheme of differential-difference equations and 

Theorem 3 we obtain [12] that the maximum delay in which to stored the system 

stability (4.7)

11. Barkin A. Stability of linear delay systems / / Automation and telemehanіka. - 2006. - № 3. - P.3-7.

12. Matvij O., Pernay S., Cherevko I. Stability of linear systems with delay / / Science. Visn. Czern. 

Univ: Mathematics . - 2008. -P.61-65.
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Example 4.

Consider a linear differential equation with two delays

0 1

( )
( 0.4) ( 0.7),

dx t
a t a t

dt
    

where 0 1{ , } .a a R

The results of numerical experiments at different steps of approximation grid 

h were obtained in Mathcad and are shown on figures 3 and 4. The region of 

stability is a shaded part of the plane.

13. Ilika S.A., Matviy O.V., Piddubna L.A., Cherevko I.M. Approximation of differential-

functional equations and their application // Bukovinian Mathematical Journal. – 2014.-- 2, № 

2-3. - P. 92-96.

14. Cherevko I., Tuzyk I., Ilika S., Pertsov A. Approximation of Systems with Delay and 

Algorithms for Modeling Their Stability. 2021 11th International Conference on Advanced 

Computer Information Technologies ACIT’2021, Deggendorf, Germany, 15-17 September 2021. 

P. 49-52.



Fig. 3 (h=0.1)



Fig. 4 (h=0.02)



To demonstrate the applicability of the developed stability analysis algorithm, we consider a 

model example involving a third-order linear delay system

𝑑𝑥(𝑡)

𝑑𝑡
= 𝐴𝑥 𝑡 + 𝐵 𝑡 − 𝜏 , (12)

𝐴 =
−1 13.5 −1
−3 −1 −2
−2 −1 −4

, 𝐵 =
−5.9 7.1 −70.3
2 −1 5
2 0 6

. (13)

The system (12) has been studied in [11], where a generalized D-decomposition method was 

applied. This method is based on approximating the characteristic quasi-polynomial by a 

rational polynomial, which is obtained by replacing transcendental terms with a finite number of 

terms from their series expansions.

As a result, it was shown that system (12) exhibits exponential stability for the following two 

ranges of the delay parameter 𝜏:

1) 0 < τ < 0.1624,

2) 0.1859 < τ < 0.222.

11.   Olgac N., Sipahi R. An exact method for the stability analysis of time-delayed linear time invariant (LTI)  

systems. IEEE Transactions on Automatic Control, 2002. Vol. 47. P.793-797.

Example



Let us apply the methodology developed in this paper to analyze the exponential

stability of the system (12).

It is necessary to investigate the distribution of the roots of the quasi-polynomial

𝐷(𝜆) = 𝜆𝐸 − 𝐴 − 𝐵𝑒−𝜆𝜏 .

of the system (12) depending on different values of the delay parameter 𝜏.

The corresponding approximating system of ordinary differential equations,

formulated according to equation (6), takes the following form

𝑑𝑧0 𝑡

𝑑𝑡
= 𝐴𝑧0 𝑡 + 𝐵𝑧𝑚 𝑡 ,

(14)
𝑑𝑧𝑗 𝑡

𝑑𝑡
= 𝜇 𝑧𝑗−1 𝑡 − 𝑧𝑗 𝑡 , 𝑗 = 1,𝑚, 𝜇 =

𝑚

𝜏
, 𝑚 ∈ 𝑁.

The characteristic polynomial of the approximating system (14) is given by

Ψ𝑚 𝜆 =

𝜆𝐸 − 𝐴 0 … −𝐵
−𝜇𝐸 𝜇 + 𝜆 𝐸 … 0
0 −𝜇𝐸 … 0
… … … …
0 0 … 𝜇 + 𝜆 𝐸



according to equation (10), this expression can be rewritten in the compact form

Ψ𝑚 𝜆 = 𝜆𝐸 − 𝐴 − 𝐵(
𝜇

𝜇+𝜆
)𝑚 (

𝜇+𝜆

𝜇
)3𝑚. (15)

Let perform the substitution 𝜆 = 𝜇(𝑠 − 1) and evaluate the determinant in equation

(15), where the matrices are defined as

𝐴 =

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

, 𝐵 =

𝑏11 𝑏12 𝑏13
𝑏21 𝑏22 𝑏23
𝑏31 𝑏32 𝑏33

.

As a result, it obtained the following expression for the characteristic polynomial

Ψ𝑚 𝑠 =
m3

τ3
𝑠3𝑚+3 − 𝑠3𝑚+2

3m3

τ3
+
m2

τ2
𝐴1 + 𝑠3𝑚+1

3m3

τ3
+
2m2

τ2
𝐴1 +

m

τ
𝐴2 +

+𝑠3𝑚
−m3

τ3
+
m2

τ2
𝐴1 −

m

τ
𝐴2 + 𝐴3 − 𝑠2𝑚+2

m2

τ2
𝐵1 + 𝑠2𝑚+1 −

2m2

τ2
𝐵1 +

m

τ
𝐶1 +

+𝑠2𝑚
m2

τ2
𝐵1 −

m

τ
𝐶1 + 𝐶2 + 𝑠𝑚+1 m

τ
𝐵2 + 𝑠𝑚 −

m

τ
𝐵2 + 𝐶3 + 𝐵3. (16)



The coefficients in equation (16) are defined by the following relations

𝐴1 = 𝑎11 + 𝑎22 + 𝑎33, 𝐴2 = 𝑎11𝑎22 + 𝑎11 + 𝑎22 𝑎33 − 𝑎31𝑎13 − 𝑎23𝑎32 − 𝑎21𝑎12,
𝐴3 = −𝑎11𝑎22𝑎33 − 𝑎12𝑎23𝑎31 − 𝑎21𝑎32𝑎13 + 𝑎31𝑎13𝑎22 + 𝑎32𝑎23𝑎11 + 𝑎21𝑎12𝑎33,

𝐵1 = 𝑏11 + 𝑏22 + 𝑏33, 𝐵2 = 𝑏11 + 𝑏22 𝑏33 − 𝑏31𝑏13 − 𝑏32𝑏23 − 𝑏21𝑏12,

𝐵3 = −𝑏11𝑏22𝑏33 − 𝑏12𝑏23𝑏31 − 𝑏21𝑏32𝑏13 + 𝑏31𝑏13𝑏22 + 𝑏32𝑏23𝑏11 + 𝑏21𝑏12𝑏33,
𝐶1 = 𝑏11 + 𝑏22 𝑎33 + 𝑎11 + 𝑎22 𝑏33 + 𝑎11𝑏22 + 𝑏11𝑎22 − 𝑎32𝑏23 + 𝑏32𝑎23 −

− 𝑎21𝑏12 + 𝑏21𝑎12 − 𝑎31𝑏13 + 𝑏31𝑎13 ,

𝐶2 = − 𝑏11𝑎22 + 𝑏22𝑎11 𝑎33 − 𝑎11𝑎22𝑏33 − 𝑎12𝑎23𝑏31 − 𝑎12𝑏23 + 𝑏12𝑎23 𝑎31 −

−𝑎21𝑎32𝑏13 − 𝑎21𝑏32 + 𝑏21𝑎32 𝑎13 + 𝑎13𝑎31𝑏22 + 𝑎31𝑏13 + 𝑏31𝑎13 𝑎22 +

+𝑎32𝑎23𝑏11 + 𝑎32𝑏23 + 𝑏32𝑎23 𝑎11 + 𝑎21𝑎12𝑏33 + 𝑎21𝑏12 + 𝑏21𝑎12 𝑎33,
𝐶3 = − 𝑏11𝑎22 + 𝑏22𝑎11 𝑏33 − 𝑏11𝑏22𝑎33 − 𝑎12𝑏23 + 𝑏21𝑎23 𝑏31 − 𝑏12𝑏23𝑎31 −
− 𝑎21𝑏32 + 𝑏21𝑎32 𝑏13 − 𝑏21𝑏32𝑎13 + 𝑎31𝑏13 + 𝑏31𝑎13 𝑏22 + 𝑏31𝑏13𝑎22 +

+ 𝑎32𝑏23 + 𝑏32𝑎23 𝑏11 + 𝑏32𝑏23𝑎11 + 𝑎21𝑏12 + 𝑏21𝑎12 𝑏33 + 𝑏21𝑏12𝑎33.



To carry out numerical experiments for finding the roots of the characteristic

polynomial (16) for various values of 𝑚 and τ , it was used the Python

programming language, which offers a range of libraries for scientific computing.

Specifically, in this case, the roots function from the NumPy library was used to

compute the polynomial roots based on the given coefficients.

The results of the numerical experiments confirm that the delay system (12)

exhibits two distinct intervals of the delay parameter τ within which the zero

solution remains exponentially stable. Furthermore, the boundaries of these

intervals were refined through the approximation process.

For the approximating system with dimension 𝑚 = 1000 , the regions of

exponential stability were identified as:

τ ∈ 0; 0.16271 ∪ 0.18545; 0.22295 .

To provide a clear visual representation, the figure below illustrates the

dependency of the largest real root of the polynomial (16) on the delay

parameter τ, computed for 𝑚 = 1000.



To provide a clear visual representation, the figure below illustrates
the dependency of the largest real root of the polynomial (16) on the
delay parameter τ, computed for 𝑚 = 1000.

Figure 1: Graph of the dependence of the value of the largest
real part of the roots of the characteristic equation (16) on τ.



Consider a linear System with Delay

𝑑𝑥(𝑡)

𝑑𝑡
= 𝐴0𝑥 𝑡 + σ𝑖=1

𝑘 𝐴𝑖 𝑥 𝑡 − 𝜏𝑖 (17)

Corresponding System Without Delay

𝑑𝑥(𝑡)

𝑑𝑡
= (𝐴0+σ𝑖=1

𝑘 𝐴𝑖) 𝑥 𝑡 . (18)

Theorem 3. [17, 18] If the zero solution (18) is asymptotically stable, then there

exists a constant ∆ > 0 such that under the condition 0 ≤ τ ≤ ∆ the zero solution of

the system with delay (17) is also asymptotically stable.

17. Yuanxun Qin, Lion-quinq, Lian Wang. Effect of time lags on stability of dynamical system. Scientica

sinica, 1960, 10 (6), 26–42.

18.  Khusainov D. Ya., Yunkova Е.А. Estimation of delay value in linear differential systems with deviating

argument. Ukrainian Mathematical Journal, 1983, 35 (2), 261–264.

Evaluation of the influence of delay on the stability of 

solutions of linear equations with delay



The first estimates of the value ∆ were established in [17] for a system of linear

differential-difference equations. If we have a scalar differential-difference equation

𝑑𝑥(𝑡)

𝑑𝑡
= 𝐴𝑥 𝑡 + 𝐵𝑥(𝑡



Example. Find the maximum value of the delay 𝜏 at which the zero solution of the

differential-difference equation with delay

𝑑𝑥(𝑡)

𝑑𝑡
= 0.25𝑥 𝑡 − 0.5𝑥 𝑡 − 𝜏 (22)

will be exponentially stable.

At 𝜏 = 0 we obtain the linear differential equation

𝑑𝑥 𝑡

𝑑𝑡
= −0.25𝑥 𝑡

which is obviously exponentially stable.

According to estimate (19) we obtain

According to estimate (20) we obtain



Applying to equation (22) the classical approximation scheme (6), we obtain

(23)

The characteristic equation of the system (23) has the form

According to estimate (20) we obtain

(24)

The characteristic equation of the system (23) has the form

which, by replacing s = 1 +λτ/m, reduces to the equation

(25)



At m = 70 we obtain that the stability of equation (22) is preserved at

The exact value of the quantity ∆, at which the stability of solutions of equation 

(22) is preserved, was found by the D-decomposition method and equals

The given example demonstrates that the application of approximation 

schemes of differential-difference equations allows us to more accurately 

estimate the upper limit of the delay for which exponential stability is 

preserved.



Thank you for your attention!


