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Introduction

Differential-difference and differential-functional equations are mathematical models of
many applied problems in automatic regulation and control systems, chemical, biological,
technical, economic and other processes whose evolution depends on the prehistory.

An important element in the study of many applied processes is the delay, which arises, for
example, as a result of the finite speed of signal propagation from one element of the system
to another. In particular, in the mathematical modeling of processes in semiconductor laser
devices with optical feedback, the delay arises as a result of taking into account the signal
propagation time from the laser to the mirror. Thus, in biological systems, evolution is
associated with such long-term processes as reproduction, development, and extinction,
which do not occur instantaneously, but with a certain delay. In engineering, many control
systems include a physical delay that affects the internal dynamics of the control system.
Therefore, the study of the influence of time delays on modern control systems is obviously
an important research topic in the development and tuning of feedback control laws.
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Statement of the initial pr

We will consider the initial problem for a differential-difference equation of the delay type
&(t) = f(t,z(t),z(t — 7)), 1
o(t) : By, — R™, (2)
where t € R, z(t) € R, 7 > 0, Ey, = [to — 7, to].
By the solution of equation (1) with the initial function ¢(t) we will understand the

function z(t), which at satisfies equation (1) and coincides with the initial function ¢(¢) on
the set Ey,

z(t) = p(t), t € Ey,.
This solution at the point tg, generally speaking, has only the right derivative. For the

existence of a derivative of the solution of the initial problem (1)-(2) it is necessary and
sufficient that the gluing condition is fulfilled:

¢ (to — 0) = [ (to, ¢ (to) ;o (to — 7)) - 3)

If the function is continuous in the set of variables and satisfies the Lipschitz condition in
the second and third arguments, then there is a unique solution to the problem (1)-(2).
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Approximation Schemes of Differential Equations with

delay (start)

1. Salukvadze M. E. On the problem of synthesizing an optimal controller in linear systems
with delay subject to constantly acting disturbances / M. E. Salukvadze // Automation
and Telemechanics. - 1962. 23, No. 2. - P. 1595-1600.

2. Repin, Yu. M. Solution of the Problem of Analytical Design of a Controller on Simulating
Devices / Yu. M. Repin, V. E. Tretyakov // Automation and Telemechanics. - 1963. - 24,
No. 6. - Pp. 738-743.

3. Krasovsky N.N. Approximation of a problem of analytical design of controllers in the
system with delay // J. AMM. - 1964. - V. 28, Ne 4. - P. 716-725.

4. Repin Y.M The approximate replacement of delay systems of ordinary differential
equations // J. AMM. - 1965. - V. 29, Ne 2. - P. 226-245.

5. Halanay A. Approximations of delays by ordinary differential equations. Recent advances
in differential equations / A. Halanay. - New York : Academic Press, 1981. - P. 155-197.
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f% = Ax(t) + Bz(t — 1) (4)

r € R", A, B —n X n constant matrixes.

dyo
WO _ Ayo + Bym,
dt Yo BYm

d .
% eryl = my;—1, i = 1,m, m € N. (5)

It is established that if m — oo then the solutions of the initial problem (4) are
approximated by the solutions of the Cauchy problem (5) on a finite interval ¢ € [0, T].
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de _ X(t,x(t), z(t — 1)),

dt
z(t) = (1), t € Eyy, (6)
dz;ft) = X (t, 20, 2m),
dz;it) = % (zj—1(t) =2 (1)), 5 =1,m, (M

zi(to):go(to—i), i =0, m.
m

If the solution of the initial problem (6) satisfies the Lipschitz condition on [to — 7, T}, then
the solution of the Cauchy problem (7) approximates this solution

ey

0,m, t € [t07T]7 K >0.
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[Ipo cxemy HaOJIMYKEHHS eJIeMEHTa 3alli3HEHHS

Ilpu nocaimkenni aqudepeHiiaJbHUX PIBHAHD 13 3ali3HEHHAM

dz(t)
dt

ftzt),z(t—7)), >0 (8)

Y BHIAJKY JOCHTHb MAJIONO T PO3IJISIAI0Th HOro HAOJMXKEeHHS 3BUYalHUMU
nudepeHIiaJTbHUMU PIBHAHHIMHA.
Posrasinemo HaOIMXKEHHST eJIeMEeHTa, 3alli3HeHHsI

y(t) =z(t =7), to <t <T
3a JIOIOMOTIOIO AIE€PIOANYIHOI JIAHKH, IO 3aJa€ThCs PIBHAHHIM

dz(t)
-
dt

+2(t) = (1), 9)

Jle cTajia T TaKoXK K 1 3amisHeHHs B piBHAHHI (8), a x(t) BxigHa dyHKIia enemenTa
3anisHenns npu t > to. st BCTaHOBJIGHHS BiIOBIAHOCTI MixK ejleMeHTOM 3amizHenus y(t)
Ta aepioUIHOIO JIAHKOIO 2 Y TOYAaTKOBHI MOMEHT ITOKJIaJeMO

z(to) = y(to) = z(to — 7).

Omirumo pisHUIo




Jlema

Hexati exiona dpymnryia x(t) eremenma sanisnenns dugeperyitiosna wa [to — 7,T] abo e
nenepepenoro gyrrkuyicro. Todi miotc anepiodunnoto aankoto z(t) ma esemenmom 3anisnerna
y(t) maromo micuye cnissionowerHs

|2(t) — y(®)| < Tw (@', 7), (10)

abo
[2(t) —y(@)| < 4dw(z,7), (11)

de w(z',T), w(z,T) Modyai nenepeperocmi Pynryit x'(t), (t).

AKio 3ami3HeHHsS T HE € MaJIuM, TO/I JIjIsl TIOKPAIIEHHs allpPOKCUMaIlil po3risgaeMo m € N
€JIEMEHTIB 3alli3HeHHsI, 110 MOCIIIOBHO MiXK cO0O0I0 3B’s13aH1 Ta MOPOIKEH] HEIKOI0 BXiIIHOIO

dyukiieo x(t)

yl(t)=w<t*%), y2(t) = n1 (tf%>:x(t—2i>,...,

ym® =ym (t= ) =w(t—7).

Bynemo npunyckaru, mo sxinna dyuknis z(t) € HenepepsHOW0 Ha [tg — 7, T 1 1T nogarkosmit
cran 3amanuit x(t) = @(t), t € [to — T, to].
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Jutst BiAmoBimHOT MTOCJIiIOBHOCT] aIllepiouYHX JIAHOK, IO BiAMOBIMAIOTH IOCJIiTOBHOCTI
€JIEMEHTIB 3alli3HEHHsI, PO3IJITHEMO CUCTEMY 3BHYAMHUX JudepeHIiaIbHuX PIBHIHD

—21(t) + 21 () = =(), 12)

m
r
Ez;(t) + Zj(t) = ijl(t), j=2,m,t € [t(),T]

3 MIOYAaTKOBUMU YMOBaMU
(13)

i .
Zj(t()) = yj(to) = (to - ]E) ,j=1,m,me& N.

Hezxat exiona pynryia z(t) y cucmemi (12) e nenepepenoro na [to — 7,T]. Todi dan
pose’askie sadawi Kowi (12)—(18) cnpasdoicyromuves nepiehocms

J25(2) — w3 (8)] < 8 (ﬁ) =T,

de 8(s) — mMOHOMONHMHO 3pocTNAIONA PYHKUIA Ma

lim 6(s) = 0.
s—0
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Kiracuuna cxema arpokcuMariii

Pozrisuaemo nogarkoBy 3aza4dy [uis JudepeHniabHO-PI3SHUIIEBOrO PIBHSAHHS 13 3ali3HEHHIM
a'(t) = f(t,z(t),z(t — 7)), te€[0,T], (14)

I(t) = QOO(t)> te [_T7 0]’ (15)

ne z(t) € R, 7 > 0, f(t,u,v) — HenepepBHa dYHKIIisA, IO 3310BOJIbHAE yMOBY Jlimmuns 3a u
i v, o(t) — HEemepepBHA MOYaTKOBA DYHKIIiSL.

Hasegemo cxemy HabimzKeHO! 3aMinu nodaTkoBol 3amadi (14)—(15), samadero Kol miist
CUCTeM 3BUYAiHUX audepeHIiaJbHuX PIBHIHB, AKa Oysia 3anpornoHoBaHa B poboTax [3,5] i
po3sBuneHa B poborax [6,7,8,9].

Beegemo B posriisig m + 1 dyHKUIT TaKOro BULISLY

JBOMAa YJIEHAMH JIiCTaHEMO DiBHICTH

vie1 () = wilt) + ().




V pesysibrari piBHSIHHIO 3 3anisHeHHsM (14) mOCTaBHMO y BIANOBIAHICTHL cHCTEMY 3BUYAMHUX
nudepeHIiaJbHUX PIBHAHD

yo(t) = f(t,50(t), ym(2)),

Y0 = ") —w®), i=1m e

Binnosigui moyaTkosi ymoBu i cucremu (18) MoxKHa 3aJaTH y BUIVISZL

T

5O =¢o(-2). i=0.m (19)

V npunyensi, 1o po3s’s30k nodarkosol 3azgadi (14)—(15) 3amoBosbHsie yMoBy Jlimmmuigs
Ha Binpisky [—7, T, BcranosieHo [4], mo po3s’s3ok 3aza4i Komi (18)—(19) ampoxkcumye
PO3B’SI30K IOYaTKOBOI 3aJati 1 cipaBIKyIOThCs HepiBHICTI

T Kt .
|x<t——) —yt)|<—, i=0,...,m, t€[0,T], K>0. (20)
m Vm
Hocumiazkenns: cxeM anpokcuMaliil JudepeHiiajbHuX PiBHAHD i3 3ali3HEHHAM B IIPOCTOPI
HenepepBHUX (QYHKIIl Ha CKiHUYeHHOMY iHTepBaJi 3ailiceHo B poGorax [6,7,8]. V mpomy

BUIIQJIKy BCTAHOBJIEHO, IO PO3B’s130K 3aa4i Komi (18)—(19) anpokcuMye po3s’sa30K
nogarkosol 3azaqi (14)—(15) i cupasmxyoTeCs HepiBHiCTI

|$(t_ a) —u(®)| < Bw D), i=0...m, te0T) (21)

ne dysxuia £(0) — 0 upu 6 — 0, w(:t:, %) — MOJLyJIb HEIIEPEPBHOCTI PO3B’A3KY IMOYATKOBOL
sazaqi (14)—(15) ma [—7,T1.




SayBarKeHHS

Ba meopemoro Karnmopa—Ietine npo pienomipny nenepepenicmod w(x, %) — 0 npu m — oco.
Omorce, npu seaurux m pose’azok sadawi Kowi (18)—(19) nabauosicae pose’aszow
nowamxosot sadaui (14)—(15).

| A

SayBarKeHHS

Jlas nowamkosot 3a0a4i 3 6a2ambMa 3aNI3HEHHAMU

z'(t) = f(t,z(t),z(t — 71),...,x(t — 1)), t€[0,T], (22)
z(t) = wo(t), te€[-7,0], (23)
0e0< 1 <---<Tp =7, p>1 anpoxcumyroua 3adava Kowi drsn cucmemu 36uMatinuL

Juepenuianvnur pieHans mae 6uzand [6]

yé)(t) = f(ta yO(t)7 Yo, (t)v R 7yfp (t))7 gl = [?] ) (24)
yi(t) = ?(yz-,l(t) —w(®), i=1,...,m, te[0,T],

iT (25)
yz-(o>:goo(—a), i=0,. .m.
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YBazKE€HHI

Anpoxcumyroua cucmema 36unatinur dudepenyiarvrur pienans (18) npu eeauxuxr m e
CUHRYAAPHO 36Yperoto, T 810HOCAML 00 KAGCY HCOPCMKUT 3400 OAfA AKUL NOMPIOEHO
BUKOPUCTNOBABAMU CNEULANOHT HCOPCTVKO CMATKT DI3HUUEBT CTEMU.




CxeMa alpoKCHMAIIil i IBUIIEHOT TOTHOCTI

Ipunycrumo, mo s nodaTkosol 3agadi (14)—(15) cupaseayusi Taki 10JATKOBI yMOBH:

A) dbyuxuia f(t,u,v) 3anoBinbHsge ymoBy Jlimmmis:

|£(t1, u1,v1)—F(t2, u, va)| < L1 ([t1—t2|+|ur—uz|+|vi—val), L1 > 0,t1,t2 € [0,T], (26)

B) nouarkosa dysknis ¢o(t) mudepernifiora npu ¢ € [—7, 0] noxinHa sIKOI 3aX0BIIBHSE
ymMoBy Jlimmuris:

leo(t1) — @o(t2)] < Lo [t1 —t2|, Lo > 0,t1,t2 € [-7,0], (27)
C) mae Mmicre yMoBa CKJIEHKN

©0(0) = £(0,40(0), wo(—T)). (28)

Hezxat cnpasdotcyromovea ymosu A—-C. Todi pose’asox x(t) nowamrosoi sadawi (14)—(15)
nenepepsro dudepenyitiosnut na [,T] i 2’ (t) sadosonvrae ymosy Jlinwuya

2" (t1) — 2'(t2)| < La[t1 —t2|, L2 >0, t1,t2 € [-7,T]. (29)
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Anpokcumanisa qudepenniaabaoro pisasaas (14) cucremoro 3Buvaiinux audepeHiaabHux
piBHsAHB (18) 6a3yeThCsl HA BUKOPHUCTAHHI IIOCIIIOBHOCTI 3’€IHAHUX AlEPIOJUYHNX €JIEMEHTIB
(16), 1m0 3AiIHCHIOIOTH 3CYB Ha BEJIMYUHY T/m Ta 06MeKyIO9HCh B pO3KJaal y pan Teisopa
JBOMA YJIE€HAMU.

Pozrasitnemo poskiaz 3a popmysioro Teitopa:

vt =50+ Sy +5 (2) 0+

06MEeKYIOIHCh TPhOMA YJIeHAMU PO3KJIaLy |7,9].

Iocrasumo y BignosiguicTe nmouarkosiit 3aga4ai (14)—(15) sagaay Komi ays cucremu
3BUYAMHNAX AUQEPEHIIHOBAHNX PiBHAHD:

yo(t) = f(t,yo, Ym),

1 /7\2 T (30)
’ _ " ’ . s
=5 (=) WO+ Ty +u, i=1...m,
3 IIOYaTKOBUMMU yMOBaMI/I
JT iT .
40(0) = 9o (0), yj<o>:so(——), y;-<o>:¢’(——), i=1..m (31)
m m
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Teopema

z(t) pisnomipro nabausicaemves Gyrryiero yo(t), Wo 6USHAUAEMBCA 3 ANPOKCUMYIOUOT
cucmemu (30)—(31), na dosinvromy ckiruennomy twmepsass [0,T] i cnpasdorcyemves
HEPLEHICTD

A on
max, [z(s) = yo(s)| < = (et —1). (32)

BayBarKeHHS

| 3

Czemy anporcumayii (30)—(31) nowamrosot sadawi (14)—(15) nasusaromv cxemoro
NI0BUULEHOT TOYHOCTN.
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YucsioBe MoOIeTIOBaAHHST

s MozeioBaHHs MOYATKOBUAX 3a7@4 13 3alli3HEHHSIM 38 JOIIOMOrOI0 HABEEHUX
aJIrOPUTMIB PO3POOJICHO IPUKIIAAHE IPOrpaMHe 3a0e3IedeHHsT Ha MOBI IPOrpaMyBaHHS
TypeScript, 3 Bukopucranasm Taiwind juist mo6yn0Bu BisyasabHOro Kapkacy Ta chart.js mis
no6ynosu rpadixkis [10].

T [

Mlokpauiewa cxema anpoxcHMaLi
C PiBHAHB
[r———— [ pm—
=m(Z_Jyxhi0oso00 (T Jixh005000)
napaeron i
novarkons saza: wony <[ 01 &1

y'(t)= a*y(t)+b *y(t-0)+f(t)

o0 ]

= rpacdic poss'aaey rpodic posu'aaey
wld=] y()=o(t),telto-7,t] Frowapon L Fomaion |

r—

‘Jomaaiina cxema anpoxcmaui loxpauiewa cxema anpoxcumauil

napanerpw o6 napaverpw oBwcnams:
) Jixn
] a6 posw'makie R ——

Puc. 1: Burnsin nogarky micast 3amycky (3:1iBa) Ta B mporeci B3aeMoail (cupasa)




IIpuknanme mporpaMue 3a0e3IEUEHHS CKIAJAECTHCA 3 ABOX TaCTUH:

@ maremaTudHHUN akeT — HAGIp MPOrpaMHO Peai30BaHUX AJICOPUTMIB JJIs
MO/IEJTIOBAHHSI ITOYATKOBUX 33,129 i3 3alli3HEHHSIMH,

@ imrTepakTuBHUII BebGiHTEpdeEiic — BeOCTOPIHKA, sIKa HO3BOJISIE SIKICHO B3a€MOZIATH i3
MaTeMaTUYHUM I[TaKETOM, 3aJaBaTyh HeoOXi/IHI BXiJHI TapamMeTpu Ta OTPUMYyBaTH
pesyabraTu poboTu y BUMMIsiai rpadikiB Ta Tabaulmb.

Bzaemonis i3 momaTrkoMm BigOyBaeThbCs 3a NPUHIMIIOM 3BepXy BHU3. CnoyaTKy HEOOXiIHO
3a/1aTH BXiJHI TapamMeTrpu HoYaTKOBOI 3ajad4i, abo >k BUOpATH OJWH i3 IPUKJIA/IIB, 110 BXKe
[IOIEPEIHBO 3aJaHi Ha eTani po3pobku. JIist movaTKy 9HCI0OBOrO MOJETIOBaHHS HEOOX1THO
TAKOXK 3aJ1aTH MOTPiObHI mapaMeTpu 00YKUC/IEHb: PO3MIPHICTE M Ta KPOK BUBOJY Pe3yJIbTaTiB
h. HarucHyBinu kHONIKY Po36’A3amu oJep»KUMO pe3yJIbTaTh MOJETIOBAHHS Y BULJISIII
Tabuip Ta rpadikis.




IIpukian. PosrisineMo oYaTKoBy 3aa4y Jjisl AudepeHIiaabHO-PYHKIIOHAJTEHOTO
PIBHSIHHS 3 BIIXUJIEHUM apryMEHTOM:

z'(t) =x(t) +x(t —1) — ¢, (33)

z(t) =1, te[-1,0]. (34)

3a IOIOMOro0 MeToay KpOKiB oTpuMmaeMo rp (t) TOYHMIT PO3B’sI30K [I0YATKOBOI 3aaa4i
(33)—(34) na Bigpisky [0, 2]:

t

e +t t €[0,1]

xr(t) = i _ e 35

(1) {et+(t—1)ef1+1, te1,2]. (35)
PesysibraT YNCIOBAX €KCIIEPEMEHTIB ISl 3HAXO?KEHHSI HAOJINAKEHOTO PO3B’A3KY Tn (t),

3HAYEHHsI TOYHOrO PO3B’a3Ky xp(t) Ta abcomorHi i BigHocTi moxubku HaBezeHl B TabIUIAX.
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Tabm. 1: PegynabraTn 9uc/ioBUX €KCIIEPEMEHTIB I KJIACUIHOI CXEMHU AllPOKCHMAIl

t 7 (t) xn (t) A )

0 1.00000 1.00000 0 0.00%
0.5 2.14872 2.15927 0.01055  0.49%

1 3.71828 3.78329 0.06501  1.75%
1.5 6.30605 6.52536 0.21931  3.48%

2 11.10734  11.62828 0.52094  4.69%

TabJ1. 2: PesymbraTn 4mCIOBUX €KCIEPEMEHTIB [JIsl CXeME AIIPOKCHMAII] i JBHUIEHOT
TOYHOCTI

t 7 (t) zn (t) A )

0 1.00000 1.00000 0 0.00%
0.5 2.14872 2.14882 0.00010  0.00%

1 3.71828 3.71869 0.00041  0.01%
1.5 6.30605 6.30752 0.00147  0.02%

2 11.10734  11.11148  0.00414  0.04%

AHauti3 4MCI0BUX €KCIIEPEMEHTIB 110 HaBeeHi B Tabumigx 1, 2 mokasye, o MoXubKa CXeMu
HiZBUINEHOT TOYHOCTI 3HAYHO Kpallla HiXK IMOXHOKa KJIACHYIHOI CXeMHU, IO IiATBEPIKYE
TeOpeTHYHI pe3ysabTaTh TouHOCTI anpokcumarii (20), (32).
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