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3 XPOHOJIOT'II JKNTTEBOTI'O ITIJIAXY

1963 — 3aKIHYNB cepeJIHIO MIKOJIY 3 30JI0TOI0 MeJIaJLII0

e 1963 — 1968 — cTyjeHT MexXaHIKO-MaTeMaTUIHOTO (PaKy/Ib-

tery KV im. T.I". I1leBuenka

e 1968 — BcTyl J10 acHipaHTypu
e 1969 — mouaToK BUKJIaJAIBKOI TISIBHOCTI
e 1972 — saxmcr KaHIMIATCHKOI Jucepraril «/leski muran-

Hsl JOCJIJZKEeHHsT HeJIIHITHNUX crucTeM JudepeHIiagbHIX PiB-
HAHDL 3 MUTTEBUMU 3MIHAMI».

e 1976 — obiiimae 1ocay JIOLEeHTa
e 1986 — 3axmcT JOKTOPCHLKOI JucepTalil Ha Temy <«Konmshi

po3B’a3kN jindpepeHIiaIbHIX PIBHAHL 3 IMITYJILCHOIO JIIEI0
Ta IX CTIHKICTb».

1987 — monorpadist «/ludepenniaabai piBHSIHHS 3 IMITYJIb-
cunM BriBoM» (y criBaBropersi 3 A.M. CamoitsieHKOM)



1987 — jexkaH MexaHIKO-MaTeMaTHIHOTO (akyabreTy (J10
2003 p.)

1988 — 3aBijyBad Kade/ipu iHTerpajgbHuxX Ta JudepeHIiaib-
HuX piBHAHB (710 2021 p.)

e 1988 — npucyzKeHo BUEHE 3BaHHsI Ipodecopa

e 1995 — monorpadist «Impulsive Differential Equationss. —
Singapore - New Jersey - London - Hong Kong: World Sci-
entific Publishing, 1995 (y cniBasropcrsi 3 A.M. Camoiiien-
KOM )

1996 — JlepxkaBHa mpemis YKpalHu B rajqy3i HAyKN 1 TEXHIKN
3a MUKJI Ipaib «HoBl MaTemaTnydni MeTo i B HEJTIHIHHOMY
aHaJI131»

e 1997 — obpano wnernom-kopectongearom HAHY

e 1998 — npemist HAH VYkpainu imeni M.M. KpusoBa 3a muk.
npailb «CydacHi MeTOU JOCIII?KeHHST IMHAMITHIX CUCTEM »



e 2002 — mpUCBOEHO MTOYecHe 3BAHH “3aC/TyKeHWIT /i Hay K
1 TexHiKn YKpainn’,
e 2009 — obpano axajgemikom HAHY
e 2009 — HArOPOJIZKEHO OPJIEHOM «3a 3aC/IyI'i»
e 2010 — zaciyxkennit npodecop KuIBCbKOIro HallioHAJIbHOI'O
yHiBepcuTery imeni Tapaca [llesuenka
e 2012 — Jlep:kaBHa mpeMisd YKpaiHu B rajy3i oCcBiTH
e 2017 — npemiss HAH Vkpaiau imeni M.M. Borosiobosa 3a
IUKJI [Ipalb «ACHMITOTHYHI METOIN HeJIHIfTHOT MexaHiKu
Ta CTATUCTUYIHOI (Di3UKU»
e 2019 —HAropoO/PKEHO OPJICHOM «3a 3aC/Iyru»
Jopobok: 350 HayKoBUX Ta HaBYAJILHO-METOJUIHUX IIpallb, Ce-
peJl skux 7 MoHorpadiit Ta mona,| 50 MiJPYyYHUKIB 1 HABYAJIBHIX
nocionunkiB. Cepej yuniB — 10 JoKTOpiB Ta 25 KaH/I1/1aTiB HAYK.



IlepeaymoBu po3pobJiieHHsT Teopil IMIIyJIbCHUX CHCTEM.
Mopeab roJuHHUKA 3 yaapaMu

MaremaTnyunnit MasgTHUK 3 JIHIITHAM TePTIM:

© + 2 +sinp = 0.
Jlineapusaiiist: sin p ~ ¢, |p| < 1
©+2ep+p=0

Bamaua Komi: ¢p(0) =0, ¢(0) = z. Ilepexin no exsiBasen-
THOI 33141



PosB’g30k

o(t;x) = e_ft\/f_7 sin (tV1 — €2),
w(t; ) = ez cos (tvV1 — 2) — =t (tV1—e?).

[lepmmit micna tg = 0 moment, ko @ = 0: t; = T2

KyToBa mBUIKICTH B 11eli MOMEHT:

T ) . ET — _9
w \/1—_782,1' = —Trexp _\/1—_752 = —Ux.

SMeHITIeHHsT MO/LYJIsl TI0OYaTKOBOI IMBUJIKOCTI Ha IiBIIEPiOl BHACII-
JIOK JHcHIIallll eHepril

w i fo(w) == —0w.



“Yrnap* = iMIyJbcHe TOMOBHEHHS eHepril = iMITyJIbC MBUIKOCTI
T 2 T 2
W|l—m—= 40z =w|——:2) +h?=0%+h%
<\/1—52 ) (\/1—62 )
w f(w) = —vVw?+ h?%
T
Wl —=+0;2| = f_o fo(z) = =022 + h2

Hactynnnit moment, ko ¢ = 0, Ta KyToBa IMBWJIKICTH B Ieit
MOMEHT

w (\/%;x> = foo f- o fo(x) = 0/ 022 + h?;

w— fi(w) = vVw?+ k2



[MITysIbCHUI TIPUPICT MBUJIKOCTI BHACTIIOK ,,yAapy"

w(\/%JrO;x) = fr o foo f-o fo(x) =

= /02 (0222 + h?) + h?
Bunukae Bi;go6pa>KeHHH
Ry 32— flx) = /022 + (14 62)h2 € R..
Hepyxoma Touka
f@)=2 < 02+ (1+62)h2 =z
hy/1+ 67
V-0t

Ty =
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Puc. 0.1. IcnyBanug Ta criiikicTb po3puBHOro nukity. liarpa-
Mma Jlamepi

Hepyxomiii Tourii BijnoBiiae pO3PUBHUI ITNKIT



Puc. 0.2. Pospusumit muk



HocmizKenns HeJTiHIRHTX KOJNBaHb MasgTHUKA MaJIOl aMILTITY/Iu:

3

sing = ¢ — % +0(¢”)
MacirabHe nepeTBOpeHHst ¢ — /£(:
v’ 2
bro=c|banm O merle0n W)

JocnimKeHHs KOJIMBaHb MasITHUKA B IOTEHIIAIbHIN sIMi: IIepexi
JI0 PIBHSIHHSI CTaHJIapPTHOT'O 3a DBOroyirodOBUM BUIVISIILY IILISIXOM
VBeJIEHHsT KOOpJIMHAT ,,isa—KyT* (a,f mod 27), ne a Bimmnosinae
3a ,,eHepreTUIHnii HoMep' 3aMKHeHOI ¢a30BOi KpuBol, # — KyTo-
Ba 3MiHHA.

{a = cA(a,b,¢), da  Aa,0,¢)

6 = v(a) +cB(a,0,¢), db —° v(a) +0(%). (2



[Torpeba po3pobJICHHST ACHMITOTHIHIX METO/IB JOCJILIZKCHHST KO-
JMBaHDb cucteM Burisiay (1), (2), gxi miaisraors iMmyabeHiit mil.



Omnuc cucremu 3 iMILyJILCHUM BILJIMBOM
(cuporenuii Bapianr)
1) Cucrema 3/1P
T = f(t,x), (3)
ne f(-,-) € C(R x G—R") raka, 110 (3) 3a/10BOJIbHSIE YMOBH ICHY-
BaHHsI 1 €IMHOCT] po3B’s3Ky 3asadi Kormri:
V (to, z0) € R x G 3x (+t0, T0) : [to, 00) = G, X (to; o, To) = Zo;

2) 3aMKHEeHa MHOXKHHa imitysibcHoro BimBy S C R X G Ta
BijIoOpasKeHHs IMITYJIbCHOTO BILIMBY

F(-,-):S—G.

|lomarkoBe mpuITyIieHHs:: KOKHA TOYKA MHOXKUHU S € TO-
9KOIO CTPOTOr0 BUXOJY 3 Ti€l MHOKMHNI BijHOCHO cucremn (3).]



st 3ajaHUX  TOYATKOBUX 3HadeHb (fg,T() BU3HATAEMO
I
PO3B’A30K:

x(t) :== x(t;to, x0) Vt € [to,t1),
ty:=sup{r >ty: (t,z(t)) €S Vte (to,7)},
t1 <00 x(tl) = Cliir = F(tl,X(tl;to,fo)).

InaykTuBHO, 9aKio 7 > 0, t; < 00, TO IOKJIAIAEMO
x(t) = x (6t xf)  VEE [ti, ti),
tivi:=sup{r >t;: (t,z(t)) €S Vte (t;,71)},

tiy1 <00 x(tiyr) =)y = F (tig1, x (ti+1;tz‘,33f)) :



CranapTHUN 3aIIIC:

:i?:f<t,£€), (tvx)gs;

A = F(t —x=:1(t,z).
2| es (t,z) —x=1I(t,x)



AcyuMOTOTUYHI MeTO M JiJIsi IMIYJIbCHUX CUCTEM
HeJIIHITHOT MeXaHIKu
Cucrema 3 (hiKCOBAHIMHI MOMEHTAMU IMITYJIbCIB

d’z dz
7o) +wz—-ff(ut:: dt) t£ 7,

dz dz
A — o = ¢l; ( dt) (7.1)

dt

Cucrema 3 nHediKCOBAHUMEI MOMEHTAME IMITYJIHCIB
dz dz
+wiz =€f vtz zTFz
dtz f ) dt ?"_ 0,

dz

£ -a(%) @

Adt




Bamina s3minauXx (z, %) — (a, @)

) dz
z = asin ¢, o = W cosp, p=wt+0.
da € .
i ;’—f(yt,asm @, G COS ) €OS @,
de

€ . .
=w — — f(vt,asin @, aw cos ) sin ¢,
aw

dt

Aa|t=r, = Q—ilg(asin P, aw cosp)cosp + €2. .,

Apli=r, = —i[,'(a sin @, aw cos @) sinp + €2. ..

(7.3)

t;é'r,-,



[leperBOpeHHs 1IepIIOro HaOJIMKEHH

a=>b+ 51;(1)(11,9, t): Y= g — iu(z)(bi 9a t)a

db €| () LA ulit
t;/:‘r,-
a4 €| 2 (2)
o = w wb[" (0)+ 5= EI (0| +€2...

Ablymr, = €2...,  Abli=r, = €*...



Meton ycepeaHeHHS
Cucrema ctanapTHOTO 3a BororoboBUM BUIJISITY

d
;5 = eX(t,z), t#75(z)
Axlt:f,‘(x) = te(x)!
1 t+T

Xo(z) = T]_im T X(r,z)dr,
1
10(:’7) f E I;(Z),
t<n(z)<t+T

Ycepeanena crucrema 6e3 IMITYJIbCIB

dz

= = Xo(2) + I°(a)] = €F (2) (7.136)



dz
o = eX(t,z), t#£ 7,
Az|¢=,, = eli(z). (7.133)
a) X(t,), Ii(z) are functions, continuous with respect to their arguments

and having the second order continuous derivatives with respect to z
in the region

teR, z = col(zy,...,z,) € D C R™ (7.134)

b) the times 7;, at which the impulsive effect occurs, are indexed by in-
tegers such that ; - —oo0 if { - —o0 and 7; = 400 if ¢+ — +00, and
there are such numbers L and d that, on any time interval of length
L, there are at most d points of the sequence {r;};



c) the following finite limits

. 1 t+T
Th_Ean t X(r,z)dr = Xo(z),
T_m,f Y L(z) = ) (7.135)
t<r<t+T

exist and are uniform with respect tot € R and z € D.

dz

= = [ Xo(z) + I°(z)] = eF(x) (7.136)



Theorem 115 Let impulsive differential system (7.138) satisfy conditions
a) - c). Suppose that the corresponding averaged system (7.186) has an
equilibrium = = z¢ and the real part of all the roots of the characteristic
equation det |[\E — F!(zg)| = 0 are nonzero at the equilibrium point.

Then there exist such positive constants €, a1, D(¢), D(¢) < 01 < p1,

D(e) — 0 if € — 0, that, for any positive ¢, 0 < ¢ < ¢, the following
statements hold:

1) System (7.133) has a unique solution z = z*(t) defined for allt € R
and satisfying the inequality ||z*(¢) — 2% < o;

2) If system (7.133) is periodic (almost periodic) with respect to t, then
the solution z*(t) is also periodic (almost periodic);

3) Let z(t) be any solution of (7.133), which satisfies, for some t = 1,
the inequality [|z(to) — 2°|| < o. If the real parts of all the roots of the
characteristic equation det |\E — F.(z¢)| = 0 are negative, then

lz(t) — 2*(t)]] < ce™tt) > ¢, (7.137)



Samoilenko, A.M. , Perestyuk, N.A. The method of averagi-
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Bogoljubov asymptotic method to the study of systems with
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CriliKicTh IMOYJIBCHUX CHUCTEM

% = A(t)x + g(t,2), t # Ti(z),

Ax't:‘r.' () — Bz + I_{(Z), (3'69)
Iri(z") — 7(z")| < Nl|2’ - 2"} (3.67)
ri(z) 2 n((E + B))z + I(z)) (3.74)

lg(t, 2)ll < allzll,  [Ti(=)] < allz]- (3.81)



Theorem 44 Let the largest eigenvalue of the matriz A(t) = %(A(t) +

AT(t)) satisfy the inequality A(t) < 4 for all t > to, and let the largest
eigenvalues of the matriz (E + BY)(E + B;) be such that A? < o for all
i=1,2,.., and the limit
Im. '—(f%‘ﬂ =p (3.85)

ezist and be uniform with respect to t > 1y and x, ||z|| < h, where iy(t,t+7T)
is the number of points of 7;(z) in the interval [t,t + T)]. Suppose also that
forallt > tg, z, ||z < h, and alli =1, 2, ..., inequalities (3.67), (3.74),
and (3.81) hold.

If v+ plna < 0 and the constant a in inequalities (3.81) 1s sufficiently
small, then the zero solution of equations (3.69) is asymptotically stable.



(;: = f(t,z), t # ri(x), Azlt:r.'(::) = I,‘(:l:),
f(t,0) =0, 1;(0) = 0, Ti(z) < Tipa(z) (3.91)
Z = {(t; )|t > to, ||z|| < h < ho},

Theorem 48 Suppose there ezists a positive definite function V (i, z), which
in the region Z satisfies the inequalities

O+ {gradeV(1,2) f(1,2) < ~(V(8,2)), (3.91)
V(ni(z), z + Li(z)) £ ¥(V(7i(z), z)), i=1,2,..., (3.95)

where (s), ¥(s) are functions continuous for s > 0, ¢(0) = ¥(0) = 0, and
w(8) >0, ¥(s) > 0 for s > 0, and let

(ﬁfgft Tir1(z )—"m{féxhn(x)) 6>0. (3.96)



Then, if the functions ¢{s) and ¥(3) are suck that

[ < 90
a w(s)

for some ag > 0 and all a €]0, ag), then the zero solution of system (3.91) is
stable. If, instead of inequality (3.97), we have

() ds
<é- 3.98
./a tP(S) —_ T’ ( )

for some v > 0, then the zero solution of system (3.91) will be asymptotically
stable.




IImTanHss acCHMIOTOTUYHOI CTiiKOCTI
TPUBIAJILHOI'O iIHBAPiaHTHOI'O TOPAa
JIHIHOTO PO3IITUPEHHS

do dx
ar = ga(y). i = P(o)x. 1#7;.

Axlmj = B(@)x,

ne a(@) € Crip(Sy): PO), B@) e C(Sy), © = (@ @p)i X = (Xq...

dx

do _
dr ea(@). di

Ax|::1j = B(@)x + I(p.x),

= P(@)x + f(Q.Xx), 1#7;.

ne f(@.x). 1(g.x) € C(3y),
If@. 0l = dlx]. [[I(e.x)]| < alx]

npuscix ¢e 3, |x||<h >0, a>0.

(1)

LX)

2

3



BiiHOCHO MOCJIIZIOBHOCTI {‘EJ,-} BBAJKAETHCA, O PIBHOMIPHO BIJHOCHO [ = [ ic-
HYE CKiHUEHHA IPAHUIISA

]imw = p, 4)

T—ee

ge i(t.t+ T) — KIiMBKICTh TOUYOK MOCJIIOBHOCTI {Tj}, 110 HAJIEKATh TMPOMIXKKY
[t.1+ T]. Hexaii (), — O-rpaHIvHA MHOKHMHA [0aTHOI MIBTPAEKTOPIl PO3B 3Ky

0, (), pe 3, 1€ |0, +), nepworo pieHsHHs cucTemu (1), Q= UtpeSmQ‘P .

Teopema 1 [11]. Hexaii y cucmemi (1) nocaidosuicmo {‘Ej} 3a00601AbHAE YMO-
8y (4).
To0i AKIUO BUKOHYEMBCA HEPIGHICHIb

Y+ phho <0, (5
de Y= max Re(kj(P(fp))), 0? = max )Lj((E + Bo) (E + B((p))), mo npu
j=lL..,n j=l..n
pe) peld

docmamubo Maaux 3HavenHax € > 0 mpusiaavuli ineéapiaummuuii mop x =0, @ €
e G, cucmemu (1) € acumnmomusno cmiiikum.



Teopema 2 [11, 12]. Hexaii y cucmenmi (2) nocaidosuicms {‘Ej} 3a0080/1bHAE
ymoay (4).

Todi akujo eukonyemuca Hepisuicms (5) i ¢pynxyii f(@, x), (¢, xX) 3ad080.1b-
HAIOMb ymosy (3) 3 docmamHubo MAAUM 3HAHEHHAM d, MO NpU 00CMAmHb0 MAAUX
snavennax € >0 mpusiarvnuii ineapianmuuii mop x =0, @03, cucmemu (2) €
EKCROHEHULAAbHO CMILIKUM.
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d

d—: = Az + f(t,z), t#T,  Azler = Biz + I{z),  (4.20)
Bg+p = By, I,‘.H,(:c) = Ii(z), Titp = Ti + T (4.21)
Theorem 58 Let in system (4.20) the functions f(t,z) and f;(x), besides
the assumptions made, also satisfy the Lipschitz condition in z,

(2, 2) = f(&, 9l + Hi(2) ~ Li(w)]| < Nllz - yll, (4.25)

which ts uniform with respect to 0 <t <T andi =1, 2, ..., p.
Suppose that the linear homogeneous T -periodic system

d
d;: = A(t)z, t#7, Azl = Bz (4.26)
does not have nontrivial T -pertodic solutions. If the Lipschitz constant N 1s
so small that

KN <1, (4.27)

then system (4.20) has a unique T -periodic solution.



G(t,
max [[G( Dl = 7.

Theorem 598 Let in system (4.20) the functions f(t,z) and I;i(z) be con-
tinuous for ||z|| < h, 0 <t < T, and satisfy the condition

KIf(t o) <h, Kl@I<h, 0<t<T,
i=1,2...,p, |lz|l <& (4.38)

If the homogeneous system (4.26) does not have nontrivial T-periodic
solutions, then system (4.20) has at least one T-periodic solution.

Po3pobiieno Teopito MaiizkKe IepiogudHIX IOCTIiI0BHOCTEH Ta,
Maiiyke epioJINUYHIX PO3B’A3KiB IMITYJIbCHUX CUCTEM 3 Maiixke 11e-
PIOJINYHOIO 3aJIE2KHICTIO IIpaBUX YaCTUH BlJI Yacy Ta Maiixke repi-
OJIMYHOIO TTOCJI1/IOBHICTIO MOMEHTIB IMITyJIbCHOT JTil.
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Teopisa iHTerpaJIbHNX MHOXKHWH iIMITyJIbCHUX CHUCTEM

HeniniitHe po3mupenHs iMITyJIbCHOT JUHAMIYHOI CUCTEMU Ha
TOpI

do dx
é = a(yp), ar Alp)e + flo,2). ¢ ¢T,

Az|, . = B(p)r + g(p. x).

Tyt muoxuna I' e rimeprnoBepxaeio Ha TOPi 1 BUBHAYAETHCHA

piBasiHHIM D () = 0.
[Tosuaummo vepes {@:(p)} moTik Ha TOpPi, MOPO/ZKEHU TIep-

UM PIBHAHHSIM CHCTEMH.
Hexait {t;(¢)} — mocmigoBHicTh, yTBOpEHA PO3B’sI3KAMU DPiB-

HSIHHY B1JIHOCHO ¢
D (pr()) = 0.



[Ipumymenns:
tit1(p) —ti(p) 20 >0

st cucremn

Az|,ep = Blp)z
icnye dyukiis I'pina-CamoiljieHka, sika 3aJ0BOJIbHSIE OIIHKY
|Gt 7,0)]| < Ke 71T

! "

€r —

"

<N

x)

Hf f(wl" H+Hg+f T)_Q(



Teopema 5. Axujo pynxuia Ipina- Canotinenxa G(t,7, ) 3a00804bKse Hepiguicms (10), a
04 p036’A3kia ;) pisHaHHA (2) euroHyembes Hepigicmp (11), mo 048 docmamubo Maaoi
cmanoi Tinwuys N cucmema (28) mae ieapianmuy mopoioaabHy MHOXCUHY

r=ulg), ulp+2r)=u(y).
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